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Abstract

Why do both left and right political parties typically propose progressive income
taxation schemes in political competition? Analysis of this problem has been hindered by
the two-dimensionality of the issue space. To give parties a choice over a domain which
contains both progressive and regressive income tax policies requires an issue space that
is at least two-dimensional. Nash equilibrium in pure strategies of the standard two-party
game, whose players have complete preferences over a two-dimensional policy space,
generically fails to exist.

I introduce a new equilibrium concept for political games, based on the fact of
factional conflict within parties. Each party is supposed to consist of reformists, militants,
and opportunists: each faction has a complete preference order on policy space, but
together they can only agree on a partial order. Nash equilibria of the two-party game,
where the policy space consists of all quadratic income tax functions, and each party is
represented by its partial order, exist, and it is shown that, in such equilibria, both parties
propose progressive income taxation.



1. Introduction

Why do both left and right parties tend to propose progressive income tax policies in
democratic political competition? Some authors (e.g., Young [1994]) have used arguments of
fairness, but such arguments are surely not in the spirit of political economy, in which players (in
this case, parties) are primarily assumed to be self-interested. Marhuenda and Ortufio (1995) note
that the “the literature ... is still very inconclusive on the connection between progressive taxation
and voting.” Snyder and Kramer (1988) analyze the problem, and reach the right conclusion, but
only under an unjustifiably strong constraint, namely, that parties may propose only tax functions
that are ideal for some voter. Cukierman and Meltzer (1991) study the question when a Condorcet
winner exists among quadratic income tax schemes, when voters have preferences over income
and leisure, but succeed in demonstrating such existence only under unreasonable conditions’.
Moreover, it is only in a ‘Downsian’ framework that players propose the Condorcet winner, if
there is one, in equilibrium.

Most formal political analysts of party competition, until recently, have assumed that both
parties are Downsian -- that their objective is to maximize the probability of winning office. On the
other hand, a long tradition, dating from Michels [1915] to Lipset [1959] to Przeworski and
Sprague [1986] takes it as given that parties represent, perhaps imperfectly, different constituencies
among the population, such as economic classes. There has, in the past fifteen years, been a
growing formal literature on competition between partisan parties (ones that have policy
preferences) -- see. e.g., Wittman [1983], Calvert [1985], Alesina and Rosenthal [1995], and
Roemer [1997]. But almost all of that analysis has assumed that the issue space is uni-dimensional
(e.g., voting on a proportional income tax, or an affine tax scheme for which the budget balances).

To study why parties adopt progressive income tax rules requires an issue space which is at least

"I do not wish to imply that the analysis which follows dominates that of Cukierman and Meltzer,
for they work with a class of utility functions which include leisure as an argument, while I do

not.



two dimensional, that is, one in which both progressive and regressive income tax policies can be
represented.

In this study, I assume that parties represent, imperfectly, different constituencies, or
economic classes. Society’s problem is to choose an income tax regime. Since I wish to study
when that regime will be progressive, I work with the family of quadratic income taxes, where
after-tax income of an individual takes the form aw2+bw+c, where w is the individual’s income.
Using a balanced budget constraint, and assuming that taxes are purely redistributive, we may
view the domain of policies as two dimensional, deriving ¢ as a function of a and b, and hence
regard a tax policy as an ordered pair (a,b). I shall assume there are two parties, and each must
propose a policy, consisting of a tax policy (a,b), in the political contest.

The problem immediately encountered when working with this set-up is that, except for
singular cases, a Nash equilibrium (in pure strategies) does not exist in the political game between
parties--because the strategy sets are two-dimensional. This is, indeed, the source of the
‘inconclusiveness’ referred to by Marhuenda and Ortuiio above. There are two standard moves the
analyst can make when confronted with the non-existence of Nash equilibrium in pure strategies --
first, to allow mixed strategies, or second, to change the game into a stage game, and use some
variant of perfect equilibrium (e.g., Stackelberg or Rubinstein). But, in the case of competing
political parties, I find neither of these moves appealing. I do not think we can easily interpret
political parties as playing mixed strategies. And the stage-game model is appropriate only when
there is a clear first mover. Some, including myself, have attempted to argue that a political contest
takes place between a challenger and an incumbent, and either the challenger (Roemer [1996]) or
the incumbent (Bernhardt and Ingberman [1985]) is the natural leader. These arguments,
however, are inconclusive. When there is no compelling argument for one player’s moving first, it
is more appropriate to model the contest as one with simultaneous moves.

The heart of the present paper consists in a new equilibrium concept in such political
games. In a word, I shall retain the notion of Nash equilibrium in a simultaneous-move game

between the players (parties), but replace their preferences with incomplete preferences, with
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respect to which Nash equilibria shall cxist.  The proposal is historically mativated, being based
upon evidence of the nature of inner-party struggie over the line (policy), which derives [vom
twentieth-century European political history.

Let us suppose (hat the interest group (say, economic cluss) a parly purports (o represent
has well-defined policy prelerences, represented by a von Meumann-Morgenstern utility fonction
v; defined on the space of policics, whose geacric element is t. {In our comtext, t stands for a
policy (a,h) and L stands for 'Left,’ one of the constitnencies.) Partjies wilt ba assumed to be
uncertain about the distribation of votar types, sa that, if tha Left and Right parties praopase policies
I, #nd Iy respectvely, there is only a probahility, m(t, L), that Lefi wins by majority vole. (Parties
agree nn the priors, and thercfore calenlate the same function T) The expected wility of the Left
cansliluency, under this pair of proposals. is therefore

TTH 00 LY = mletg) viie ) + (1T B DY v (L), (1.0
The: recent formal. non-Downsian Hieratre [ referred w0 above models polilical equilibrivm as

Nash equilibrium berwesn parties L and R with preferences 11- and the analogous TT°, where v is

replaced by a function v 1in expression (1.0}

My institutional assumption, in constrast, s that there are three groups of actors within
each party: facing a proposal r, by the Right, the reformisrs within the Left party wish to choose t;
w maximuee [T 1,05 the milfiaaes in Left -- who want the party to adhere as closely as possible to
its principles -- wish to choose | o maximize sunply v, (1), of equivalenty, the after-tax income of
[.eft's constitiency. and the opporasises in Left, whn desire only to win office; wish to choose t,
e maximize m(L ). There are reformists, militants, and opportunists in the Right parly whi
wish to maximize analogous functions.

Party histories are repltete with descriptions of militants and opportanists. if not using that
nomenclature -- see. for example, Przeworskt and Sprague's (1986) history of European social
democracy. Despite the names [ have given these Lhree collective aclors, 1l woeuld be incorrect (o
view them as, necessanly, nol having the interests of the constitucnts in qind.  Ln the history of

buropean so¢ial-democratic parlics, an on-going debate took place concerning the purpose of



participating it ¢lections: many maintsined that that purpose was nat to win office. but 1 educate
the warkingclass, to develop their consciousness. These mititanty belisved the party shauld stick
to fts principles (here interpretad as its ideal point), and not coropromise for the szke of winning
office: they were reveluticnary anti-reformiss. Maximizing che expected utility [Thie, 6,0 is
definitely a reformist approach, in which the decision maker cares about the expected utility of it
constituents, given the uncerinty surrounding elections. The (revolutionary) militant, in contrast,
is not particularly inrerested in how well the constitaency will fare under the policy chosen by the
current election, but rather whether the process of the election will build Class consciousness or
further cement an ideology. On the other hand. the actnrs whom T've called opportunist were not
recessarity venal politicians, merely using the party as a stepping stone Lo a pelitical career,
although some doublless were. They may, mare generally, have believed that by holding office,
the party would be able more effectively 1o develop the consciousness/ideology of its coOnstituency.
Winning, after all. would provide a bally pulpic from which the victorious party couid address the
population daily.  For such apparmamrises, the objsctive §15(r 1y} was aisa a myopic one.

How does a party, whose activists consist of chese Lhree factions, make a decision about its
policy in the electoral contest? My proposal is thal it must reach ineer-party unanimity to do $o.
Fucing 4 proposal 1, by the opposition. the Lett wit] cheose policy t over an aliemative ¢ " only if

all threc inner-party factions agree, (bat is. anly if:

0 g = TT it ), (b1
mit [} > (g e ). and {12
Vil z v (1) (1.3

with ar lcast one staact inequalily.  These three inequaliies are, respectively, the decision criteria of
the reformists. the opportunists, and the militants. MNote that (1.2) and (1.3} ilﬁpiy {1.1). 50 the
reformasts play no active role in this conception. Reauiring that all three of these inequalities (or,
cquivalently, inequalities (1.2} and {1.3)} hold induces a quesi-order for the Left on T x T, where

T is the policy space {the detuils ure presented tn the text below), and T define {t,.t,) to be aparty



ananimiry Nash equilibsiwm (PUNE) if it is a Nash equilihrivm, where both parlies maximize with
respecl to their respeclive quasi-orders.

Consider ‘classical’ reformist parties, whose preferences are defined by JTHt t.) and the
analogous YTR(t,t,). These preferences are complete, that is. define orders en TxT. Because of
the rwo-dimensionality of the policy space., Nash equitibrium in pure strategies with respect to
these preferences -- call this reformist Nazh equilibrium (RNE) -- does nol, as [ said, generally
exisl,. We shail note below that RNE is a refinement of PUNE. While reformist Nash equilibria
fail ta exist with multi-dimensional policy spaces, it turns oul that party-unaitimiry Nash equilibria
do often exist -- in face, in the application studied in this paper. there ar¢ many of them.

The main theoram states thar, in all PUNE, except ane singular case, both Lefl and Right
parties play progressive tax stratepies. Furthermore. it immediaraly follows that, in any
retinement of PUNE, both parties play progressive tax siralegies. so thar if the thrae factions
within the parties learn to compramise ta same extent -- which, formally. wil! mean that the party
comes o adopt & guasi-order on T x T which includes the one induced by (1.1)-(1.3) -- then all
pulitical equlibria with respect to that new quasi-order alsa enlail both parties’ playing prograssive
tax siraregies.

Section 2 defines the politice-2conomic environment, section 3 defines equilibrium, and
section 4 proves the main results. The enlire argument can be made by usc of the sitmple peometiy
of cones in two-space, and [ choose the geometric cxposiiion vover 2 more fonnal, analytical ane,

for its transparency.

2. Ihe model

Each individual wishes 1o maximize her after-tax income. An individual is characterized by

her income, w. or hernvpe. Individoals supply labor inelastically, as they derive no welfare frtom
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leisure, The distribulion of ciizen types is grven by a probability measure F on [0.1]. Thus,

MEXNUM Weome is normalized at ones.

A rax policy is a wriple {a.b.c), where the after-1ax income of an individual with incoine w i:

aw® + bw +c. Taxes are purely redistributive. 50 the balanced-budget condition i3

J(aw2+hw+c}dF{w} =n, (2.1a

where L = Iw dF is mean income, which implics
=-ap, ~bp +p . {Z2.1b)
wherz M, = sz dF . 13.1¢]

Thius after-rax incone is

a(wi—uJ + biw=pl + 1.

Diefine rype w's ardiaa! wility function on tax policies as:

wa b, wj= a(w:—uzl + biw—L) + Y.
Henceforth. we underseand that tax policies are two-dimensional, denoted (a.b).

Let {a,b) and {2’,b") be two Lux policies and define
Aa=a-a. Ab=b-Lb.

Then a voter of Lype w is indifTerent between polivies (1.b) and (a”.b") iff she enjoys the same after-

tax income in both, that s, iff

‘ My nomenclature: the population consists of aiizens, all of wham are taxed. Citizens may



Aa(wi—{1,) + Ab{w-p) =0 . (2.2a)
Define the function
wh g .
glw) = Wi " forw # L. (2.3}

it follows from (2.2a) that. lfor w # L, voter w is indifferent between the two polices ioff
Aapiwi+ ab=0. (2.2h)

This tells us that. vicwing the domain of policies (a.b) as 9%, the indiffercncs curves of type w are
straight fines of slope —p{w}. The indifference curves ol type w = L are vertical steaghet Lines,

We have thus far restricted policies onty by a budget-balancing constraint.  We further

a53mic;

Al i) Tw, AW, + biw—pt) + (13 O

{111 Tw. 2aw+ b0

A 11} suys that every individual's aller-Lix incorme mast be non-negative; AlL(i) says that
after-tax income must be a non-decrcasing function of incame. Thas (i) is an individual budger

constraint, and (L) is an incentive compatibility constrami The reader may check that the set of

pelicies satislying Al is the riangle 7= OUV itlusirated in Figure L.

chnose whether ar not to vote. Hence the set of waters may ditter from Lhe set ol cilizens.
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A

_f{ m -2u
U=l wam

T={31)

3
4

. ' M
0 = (0,0 Vo= (,,.2 . 9)

Figuve 1.

Policy D = {01} is total confiscation of incomw and redistribution to the mean, and policy

T =1} 15 lassez-faire (no taxation ).

Define a policy {a.bl 10 be progressive iff it generates an after-tax income function which iz
concave in (pre-tax) income. This is equivalent to having a<lt. Thus, progressive policies ame
precisely those in AOUT in Figure 1. (Stnclly) progressive policies are ones for which the

assessed rax is a strictly conves function of income.

Tet us study the function @, ilhustrated in figure 2.
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(02)

(0,424)

Figure 2.
The salient facrs are:
‘ P is increasing, asymptotically (o infinity. i the interval (0,00,
+ @15 increasing, beginning at the value —-, 1n the interval (p.1];

. Mwi=0 iff w=.uy:

@il ) = f0) and @(1) < 2.

The only one of these facts [ shall derive is the last one,  Suppose, 1o the contrary, that @fl) > 2.
Then, by definition of ¢, Po-ls2p-2 andsop, = 21— 1. But nt< K. (F has positive

varianee); hence p? < 2d - 1, which means (p-1 ¥ <0, an impossibaliny,
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Because g{ 1) = @0}, we may define a type w¥ as that unigue type such that w¥ > 1 and
pw*) = ”‘%l . Becanse ¢ 13 < 2, we may define a type W us that unique type such that

pive) =2 w*and & are illustmaved 0 fipure 2.
We next study the indifference curves and ideal points of the various types.  An individual

w prefers policy (ab) w (a'\bBYff

Aa(w—4t,) + Ab(w—1) > 0 . (2.3)
It [olivws that:
g it w = 1, then Aap(w) + Ab decraases as urility increases:
. if o< w then Aap(w] + Ab increases as utility increases.

Using this abscrvation. it immediately foliows that:

lemmal.
() ©isthe ideal poinrof {w I w < W)= W:
(2) U s e idal point of (wlW <w<pj=w,
(M Uis the deal point of {wl u<w < Jug =Wy
t9 U is the jdea] point of (wl U3 <w<wr =W,

{5} V iz the ideal point of {w lw > w*] =W._
Broof: (reler to figure 13

l. we W have indifference curves which are less steep than QU since p{w} < 2,
and wtifity increases in the sowh-west direction, $ince w < L.
2. w e W, have indifference curves which are steeper than OU, and ut:lity increases

in the santh-west direction.
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3. w & W have positively sloped indifference curves. and utility increases in the

north-wiest dircclion.

4. w e W, have negatively stoped indifference curves that are less steep than UV,

which increase in the north-east direction.

5. we W, have negatively sloped indifference curves, steeper thun UV, and utility

increases in the north-gast direction:.

We next introduce political parties. There are two, called Left and Right. Fer simplicity,
we assime that Left represents' a particuiar citizen type w, and Right iepresents & cltizen type wp,
We assume:

A2, (i)w_ <W, and
(i) wp > w*,
Thus Left (Right) represents a relatvely poor (rich) citizen.
When I say that Left ‘represents’ a citizen type %, [ tnean that Lefr's militants have the

{ordinal) preferences of w . and that Left's reformists are endowed wilh a von Neumann-

Morgensicrn utiiity function v, on tax policies {a,b} which 1s consistent with w, 's (ordinal) afiter-
tax income prefercnces -- that is, v is an ordinal wansform of wi-, w, ). Similarly, Right's

reformists are endowed withz 2 von Neumann - Margenstern utlity funceion v, an tax policies

consistenl with wp's ordinal income preferences.

According ta Lamma |, Laft's idesl poticy is the peinl O, and Raght's is the pount 'V (see

figure !). Tvpes in the region {‘F.I’. w*) are the 'moderates,’ with ideal point U, Note, as well,

that AZ implies that @{w,} and ¢w } arc both positive, and se bath those types have negatively

sloped indiffarance cucvas.
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We nexlintroduce unceriaingy, Partics are uncertan about the distribution of vorer income.
They know the probability meazure F of citizen incore, but some citizens maay not vate, which

introduces uncertainty about the disiribudion of voter income’.

We represent chis uncertanty as follows. There is a continaum of states s € [10,1], and in

state 5, the probability measure of voter income is F, on [0,1). Both parties shure the prior that s is

distrthuted according to a probability measure Hon [0,1]. T¢ix assumed that:

A3, The measures F, H, and K, for all s, are all equivalent “t0 Lebesgue measure on [(,1).

The C.D.F. of ¥, denoted E, is a continucos function of s as well.

Suppose Left (Riphr) proposes a palicy t, ={ab)it, = (a’ b A citizen w prefers L tot,

iff (2.3} holds. Define Wit ,r,) as the setat types for which {2.3) holds. Then Left detears Right

(hy matority viore) exactly in thogse siares £ such tha
R ; | .
F AW 0> S, (2.4)

We follow rhe nsual convancion that 1f a voter is jdifferent betwesan t and L she votes

randomly. By the continuum assumption. it follows tharr and t tie in state s iff

F W )=

I ]—
'

Let S(r, .t} be the set of s such that (2.4 halds. e follows that, from the parties’

viewpoints, Lelt defeats Right with probahility

' This is but one convenienl way of inlerpreling lhe uncertainly. One might alternatively say that
voters do not necessarily have preferences which correspond to their particular incomes ... they
may , for example, have prefereness associaled wilh the income they think they will have in the

future, and parties are uncerrain ahout these belisfs,
* Thar is, they assign positive measure o an event iff rthe event has posirive Lebesgue measure.
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it o) = HOSt ). (2.5}

We have now defined the preferences of all three factions of ¢ach party. For Left, for

example, these ars represented by the functions 7" (refarmists), 7 (oppartunists), and of-, w, )

{militanis).

3. The equilibeivim concepl
The scandard approach, as I inentioned earlier, is to define political equilibriuim as a Nash

equilibrium between playess with payoft runctions I1° and IT*, each of whose strategy space is <7 -

- what I've called in section |, reformist Nash equilibrium. As RINE generally fail ioexise, T
propose that an inner-party struggle determines the policy of the pacty, and show that, under thal
specification. Nash cquilibria in purc strategies of the palitical game exist.

Think of Left as evaluating wherher 1o deviate from t, to t]—_ when Right is playing b Asl

deseribed cariier. the milizants in Lefl wish Lo miaximaze ui-w, ), and the opportunists wish w
praximuze 10-. 1), Unaniouty between these twe groups is required for Left o deviase from ¢ to

I, - The agreement of the "reformists’ will foHow aulomatically.

Stated more precisely, Left would entertain a deviarion from 1, (). only it
{W(tL-tR}- oty w00 2 (e ) ule e ), (3.la)

with the convention on vector ordering, given in this frotnote.”

Simnilacly, at it 1), Right would entertain a deviation from t, to IFR only if:

3 {x1Xq) > [yl,yz} iff Ky ¥ and for some 1, X; =¥,

(& Kb 2 0y o) ill %, = v
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CL-me(t Lty ), ultg W ) = (-R{T 2p). ulk, wel). {3.1h)

Definition. A policy pair (L to} is aparty unantmity Nash equilibrium (PUNED iff there is no l:;_ S
i at which (3.1a) holds, and there 15 no IJR e o al which (3.1h) holds.

The parties, under this specification, possess incompiete preference orders on the space

xS, Consider the quasi- order 2 pon & x Fdefined by
(1) & | (1L, TR} <2 (RCH 4 Dt o) ) >(RCTL. R W Tp,w, ), {3.2a)

and the quasi- order Z |, defined by

(ot d R p (€L LR ) < 1Tt t bt w1y > (I E ) g kg g D). (3.2D)

Then a PUNE 15 a Nash equilibrium where Left {Right} maximizes with respect to & L (2 R}'

We introduce next a refinement of PLINE:

Definition. (L.t }is a strong parte ungnimity Nast equitibrivens iff (1_1,) is a PUME and it is false

that ¢ = {(.0) and ®{L, L) = 1.

Strongness’ is 4 {verv) weak retfinement of PUNE. [ we eliminale non-stromg PUNE
from comsiderarion, we are saying sontething about the capacity of Right's inner-party factions o

compromise in the face af almaost sure calamity, Recall that policy {2,k = (0,0} is complete

leveling of all incomes to the mean. If. in a PUNE, t, = {0,0) and my, .l;) = I, then facing Lhe

prospect of Left's winning almost surely with the leveling policy (0,07, Right does not deviale.

Strongness says that, Facing such a prospect, Righl's opporwnist and reformist factions will be
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dhle ta persuade the militant faction ko deviate to a policy with a positive probability of defeating
(0.0).
Let us make three remarks.
Remark 1. [f(t.t;} is an RNE then itis a PUNE. (Le.. RNE is a refinement of FUNE.)
Pranl:

Let (1t} be an RNE. Suppose there exists a deviation for one party, say Left -~ call the
devigtion t,* -- that both the militants and the appartunists weakly prefer, and one strongly
prefers. to t,. Then t.' miust increase the reformists’ payoft function, as well { that is,
1, ') = TIN(1LG0. This contradicts the Fact that  (g,(g) is an RINE. N
Remark 2. PUNE is an ordingf concept: it depends only on the indifference curves of the militants
and the opportunisis in tax-policy space (T 1 T). In constrast, BINE is a cardinal conecpt: ir
depends on the particifar von Neumann - Morgenstern utility funcrions that the reformisi
[actions have.
Remak 2. A comment aboul Condoreer winners, Suppose it i3 the case that
s FE_[W! LW W -l; .
{Referto Letnma | for notation.] Then Wo W W, i a majority coalition in all
srates, all of whose membars have ideal pont U & 2, It follows that 1) is 3 Condorcet
winner iz ' it defeats all policies except itself, for sure. Thus, 1l would be a Dewnsian
equilibrium for both parties to propese 1. (That 1s, both parties’ propesiag U wauld
constilute a Mash squuilibrium of the pame between two parties passessing the single
internal Faclion of appontunists) [t would as well be a PUNE lor both parlies to propose
U, since neither opportenist faction would be willing to deviate: at (L.L7), each party has
probability ane-haif of victory, and under any unitateral deviation, the deviating party has

probability zero of victony®. Novertheless, in a PUNE, it might be the case that neither

* We cannot generally assert,howeaver, that a Downsian equilibrium 1z a PUNE. Let (4,.1,) be »

Downsian cquilibrinm, [UTotlows that 1y 1) = (L5, Suppose 1" is another policy such that
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party proposes [

It may be worthwhile o summanze the informational set-up of the model, which is reiated
to Remark 2 above, Varers are endowed oniy with preferences aver after-tax income, not with
preferences over income Lotterics. Thoy know that the distribution of eitizer Lypes is F, and hence
face no relevunt uncentainty when voting over tax policies. Mifitants, as well, do not face a
decision problein under uncertainty -- they behave jusl like particular voters {w, and w,).
Opportunists want o maximize the probability of victory, a known function on the domaim T x T.
{nly the reformisis face a decision problem umler uncertainty: they mnst evaluate incone lotteries
for their respective constittents. These lotterics occur because, although the distribution of income
(b7 among cifizens 18 known, the distribution of income among varers  is uncertain ( [ F }).

The parsimonious reader might well inguire why [ do nat dispense with the refermists, as
thcy are not necessacy for the equilibrium voncept of PUNE, as [ noled earlier. The answer 15 two-
fold: because, in reality, Tthink that vefournisis exist, and because the cancept of reformist Mash

equiltbrium is well-cstablished in the lileralare, although nol under Lhal name.

4. Analvsis of party compeiition
Let us look at a typical strategy pair thar might arise in the game between our two parties.
Denote benee{orth by Lo the policy (ab) announced by Leit. and by R the policy (a".b") announced

by Right. Examine Figure 3. which reproduces the domain 37, with the two hypothetical

proposals, L and R, Assume that w, prefers [.to R, and w, prefers R to 1.

AL Ly =05, [t may be that the Lefi militants prefer t " to t, in which case (1 .t;] is noLa

PUNE.
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Figure 3.

In Figure 3. the slope m., of LR s positive. We know from section 2 that type Wis
indifferent berween L and B iff (% } = -m. Bot this delermines & unique W, illustrated in Figure
4, which i3 an amended reproduction of Figure 2. Tt now fallows. from examinalion of [2.2), that

the set of types preferring L to R is [0, % 1, and Lhe set of tvpes prefercing R to Lis (W, 1], These

sers are illustrated by shading in Figore 4.
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In ['tgure 3, 1 have alsa drawn an indifference curve for vater w, through the point L., and
an indillerence [or voter w, through the paint K. The arrows indicate the directians of increasing
utitiry.

Now imagine, in the situation of figure 3. thai Left is considering deviaring fiom L,
locally. te 4 point in the adjacent shacded triangle, while Right is fixed at R.  Any such deviation is
preferted by Lefi's mililants, since the shaded tniangle lies on the preferred side of w '
indifference curve at L. Any such deviation alsa would reduce the steepness of the line LE: but
according to Figuee 4, that means it would fecrease the set of types who prefer the Lefi policy 1o R,
and hence must (weakly} increase the probability that Left defeats R. Hence, (L,R) cannot be a
PUNE: both nilitanl and opportunist factions of Lelt would agree 1o deviate from L into the shaded
reZion.

Let us define the set of policies below w, s indifference curve at L and above the line LR as

the cone of aitractive policies for Leff ot L. Similar analysis shows that the shaded cone at R is the
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cone of attracuve policies for Right a1 R - ie.. the set of policies which the factions in Right
would deviate to at R, given L fixed, A pair (LR} i5 @ PUNFE only if the intersection of each cone
of arractive policies with 7 is emphy’.

We shall nse this rechnigue 1n the rest of the paper. The analysis 13 simple by virlue of the
pleasant fact that vater indifference curves in policy space are straight lines, and so it is easy Lo
.idE[Hif}' the cane of attractive policies for a party at a pair of proposais.

Befare proceeding further, we state a uselul general principle:

Lemmal Let {L.R} be apolicy pair jn.7~ A local devialion o one side of LR from T by Left
increases Lefcs probahility of victory iff a local deviation by Right from R an the same side of LR

increases Right's probability of victory.

Proof:

The key observatien is that when Left ar Right deviates from L or R on the same stde of
LR. while lhe nther party remains fixed, they change the slope of LR, in opposite ways: e.g.f
Lefrs deviation renclers LR steeper, than Right's devialion renders LR less sleep. The kemina now

follows from cansideration of whal happens to the sizes of the coalitions of types favoring each

party (see. for example, figure 43, [

And an obvious Fact:

Lengna 3. Jf (L.R) i3 2 PUNE. then w, weakly prefere Lo R aod w, weakly prefes Rto L

Proof:
Suppose, to the contrary, that w strictly prefers R o L. Then Left can daviate by moving

along the line LR from L wowards B this leaves the probability of victory unchanged, and increascs

the wellare of w, , so bolh opportunists and militants will support the devialion. [

Our first Lask 15 to prove existence of strong PUNEY. To this end. we assume:

" This is enly an ‘only if' statement. [t is possible thal, lovally, neitlier party wants to deviate, bot

that there is a distary deviation that is attractive for one party.
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Ad. Thare is a et S of stares, with H(S) = 0, such that
5€ 8 :Fs{ﬁl«: 1/2.

In particular, if A4 did not hold, the Lett could win with prabability onc against any Right proposal
by proposing its idesl point, O! It follows that A4 is a necessary condition for existence of a

strong PLINE, Theoretn 1 says it is, as well, sufficient.

Theorem 1. I AL A2, A3 apd A4 hoid, then there exist sirong PLINE.

Proof:

1. Chuose Le UU and R & UT, such that the slope, m. of LR is negative and close n absolute

value to 2, us iflustrared tn figure 5; in particular, choose L e be close to O, The type W who is
mchflerent between L and R has @[ﬁ'] = =m; it follows trom figure 2 that W e f‘u-'}.}.l}.

Henee. the eoalilion who vote Left, at these proposals. s [0, W ).

* It 15 trivial to note that L=C and R=V is always a PLUNE, for the militants in each party will refuse
to deviate from their ideal points. But in general, this pair of proposals is not a strong PUNE {i.2..

Left may win wirth probability one).
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Figure S,

2. For any small £ =0, we can chaese (L, R) so that the slope of LR is sulficicntly close ta -2 that
the coalition who vote Left is precisely [0. W+ E). By A4 and A3 it follows that thete is a sef of

states of positive H-measure such thal Fiw +€) < 112, Thevefore (LR} < |,

3. From figure 2. 11 fallows that Left can increase the size of the Left coalition, and hence weakly
Hicrease the probabilicy of victory, by deviating from L to the left of LR, for such a move increases
the absoluw: value of the slope of LR, By Lerama 2. Right can weakly increase its probability of
victory by deviating from R to the leftof LR, Moreover, a deviation by Left from L to the right
of LR, und below w 'z indifference curve through L., will decrease the size of the Left coalition.

since L i5 close 10 O (again, examine Figure 2). Since mil. RY < | it will therefore decrease T,

since F, and H are equivalent 1o Lebesgue measure. It follows that Left's cone of attraction at L iz
the shaded region in Figure 5, and further, thal there ars no deviations in & which are attractive for
Left. The last clause uses the fact that L is close ro O, so the points 1o the right of LR and below

w, s inditterence curve are alt closa 0 G,
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4. To calenlate Right's cone of attractive policies at R, note that if Right deviates from R 1o any

point R" on the segment RV, the slope of the line LR" is either negative and greater in absolute

value than the slope of LR, or positive and less in absolute value than pfp. It follows (consult
Figure 2) that the type w who is indifferent berween L and R’ lies always in the interval (ﬁ W)

and hence the Right coalition will be (W.1], which is always smaller than it is at R. Without loss

of generality. these are the only deviations from R that are above wy's indifference curve at R and
to the right of LR that we need consider (for if there is any attractive deviation in that region, there

must be ane on the segment BY). It follows that Right's cone of attracrion at K. is the shaded

region in Figure 5, and there are no attractive deviations for Right in &7

5.1 follows that (LR} is a PUNL.

6, L imml.:l:iialeig follows that (L.R) is a strong PUNE. |
We now intraduce the only distributional assumption of our analysis:

A5 F(ju) > 172 almost surely

We may think of AS as reasonable if median income 15 less than mean income, for it says
thar in almost all states. more than half the vaters have income less than the mean.

We now state our main resuit;

Iheorem 2. [f Al A2, A3 and AS hald, then in all strong PUNE, both Left and Right play

progressive policies.

In other words, the distributional assumption A3 and the (weak) refinement notion enable
us 1o deduce the ubiguity of progressive tax proposals in political competition between Left and |

Right
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Some readers might {ind the inoduction of the 'strong PUNE' refinement, and hence the
statement of Theorem 2. inclegant. We can. in fact, avoid thar terminology, if we wish, as

rollows:

Corollary 1 Lel Al, A2, A3 and AS hold. Then, in any PUNE, with probahitity one. 4

pregressive policy wins the eleciion,
Proof:
Theorew 2 says that the enly PUNE in which a parly does notl propose & progressive policy i one
in which Left proposes [0.0) and wins wilh probability enc. But (0,0) i3 a progressive policy.
The claim immediately follows".

Note that. from Remark [ of section 3, it folows that, if an RNE exists, then, with
probability one. a progressive policy wins the election,

We now prove Theorem 2.
3tep 1. There 13 no strong PUNE whers Right plays a regressive policy.

Supposc Right plays a policy R in wriangle OTV (s¢e fipure 11, but not on the line OFT (...

R.is regressive). let [eft play L = O, f claim Lafr wins wirth probahility one. For the slape of LR

1s positive. and so the type. w. whe is indifferent between L and R has ¢fw) ncpative, which, by

Fipure 2, mesans w > |L; thus, hy A5, [eft wins wilh probability one. 1t follows that any PUNE

where Right plays B must have Left playing O. because O is idead tor both Lefr's milisants and

opportunists.  The comelusion follows.

Therefore, the remainder of the proof shaws that Left never plays regressive in a swong
F1INE.
Sigp 2 Ihere is jo PUNE where either paty plays a policy Which is interiot in ©7.

* This circumiocution for avoiding the necessity of introducing the strong PUNE concept is due to

Elaus Mehnng.
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1.IML.RY is a PUNE and L € interior ©7, then slope LR = - @ {w }.

Suppose, to the contrary, thar slope LR = - ¢o(w ). Let/ be w ‘s indifference line

containing E. Then fand LR do nol coincide. The nualitants of Lelt striclly prefer any policy on

line LR, and below /(1.e., on the O side of A, and Left's opportunists are inditferent to such a move
{moving aleng the line LR leaves Lhe probability of victory constant). Henee (LR)isnata
PUNE.

2. IfL < interior 7, R € boundary 7, and slope LR = - @ (w_), then (LK) is not a PUNE.
Consule Figure 6, which iilustrates rva possible cases. Becaunse @w, ) = W, w.'s

indifference curves are stecper than V. Because g {wg) < 2, w,'s indifference corves are iess
steep that OU. b must be that a deviation by Right from B w the righi of LR weakly mercasces
Right's probahility of winning. by lemma 2: for if Left could weakly incrcase its probability by
deviating to the left of LR, then haih its militant and opporiunist facions waould agree (o do a0, and

(LR} would not be a PUNE. Therelure Lhe cones of attraction for Right, in both cases illustrated

in figure 6, intersect =7's interior, and 5o neither is a PLUNT.

The third possibility. that R € OV, can be similarly disposed of.
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Figure 6.

AIL.R e imenor Fand slope LR = - (w_} (IR} is nnt a PUNE.

This step 15 casier than step 2, and 15 [cft to the reader.

4. We have now disposcd of the possibility of a PUNFE where L is interiar. Braclly symmetric

arguments show there can be no PUNE where Be interior 7.

alep 3, There is no strong PLUNE where Leil playe g policy L on fhe segrnent OV of &, La0. (See
figure 1.)

IMN LRy is astrong PUNE and Lz OV, then Re OU O UT (these are the anly possibilitics,
by previous steps ). Suppose Re OULL Lelvs militants would like to move from L along LO
towards 0; 11 therefore must be that such a rmove would decrease ©. Therefore, a move ta the right

af L along L'V increases 1. By Lemma 2, Right increases its probability of victory by moving

above LR (Lhal is, on the segmenl RUY ag well. But maving frem R along RU also wicreases the

welfare of Right's militants. This contradicts the assumption that (L.R) is a PUNE,
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The possibility that Re UT is similarly disposed of.

Step 4. Thers js no strong PUUNE where LeTV.
Again, Re OU L UT. Tt is easily cheeked that, if L moves towards R along the line LR,

Leics militanls are better off than at L. Buwt such a move leaves © unchanged. Hence (LR} 15 not
a PUNE.

Steps 3 and 4 exhaust the posgibitities for 3 PUNE where at least Left plays a regressive
strategy, for the enly rcgréssive boundary strategies are on the segments TV-and OV of &7,

W theorem 2.

5. Lalibration

According o the 1990 LS cansus, mean honschold incorne in the U5 was $30,900 and
the standird deviation of hoonsehold income was 334.000°7. Let us take maximum household

income, for all effective purposes, to have been 5200000 0in 1990, Then, nomalicing maximum

Income at unity. we comnpute that g =0.1545 and W, =0.05277. The cinpirical functicn ¢ 15

graphed below i Figure 7:

" [ thank iy colleague Manznne Page for computing these statislics.
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The empirioel funcoticm phi

.2 0.4 0.6 D.2 1
_2:
n
-5 F
Figure 7

We calculate that w = $27.500 and w* = $68,5300.  Our assumption A2 requires thal Left

represent & voler whose income 15 nat greater than $27,500, and Right a voter whose 1icamie is nor
less than $68,300. Given thal mean incomc is $30.900, these are reasonable assumprions - if not
for the Lemeocrats and Republicans in the S, then, perhaps, for Labour and the Conservatives in
Greal Britain.

Ohir assumplions AS and A4 say that it is always the case that at least one-half the voters
have an meaime less than 530,900, but there is positive probability that fewer chan one-half the

visers will have income less than $27 500

6. Conclusion

Let me swinmarize the medel. There is a population with a distribution of income, whe
rnust vobe on a redistiibutive tax policy, which is limited o be seme quadratic function of Imcome,
Voters supply labor inclastically -- 5o tncome is fixed, for each voter. There are two partics, one

prpOting 1o jepresent a relatively ponr voter, and one a relalively nch voter. Within sach party,



Lhere are three factions: reformists, militanis, snd opporunists. Parties ate unsure about the
dismibution of voter types on election day. so that, if two policies are hefore the voters, they can
assign only a probubility that one policy defrals the other.

Call the policy space &7. Each faction of cach party has {complete ) preferences on & x &,
that is, on pairs of policics that it and its opposition can propose. All thres factions in a party must

agree for the parzy 1o prefer one element in 5FX OF 1o another: this leads (0 each party's having a

preference quasi-order an & x & — jt is the intersection of the preference orders of its three
faclions. A palitical equilibrium is 2 Nash equilibrium where each party maximizes with respect o
its quasi-order.

‘The main result says that if most voters, in all stales, have income less than mean income,
Lthen in any political equilibrium, bath parties propose progressive tax policias.

The unanimity” quasi-order is the weakest quasi-order [i.e.. corresponds to the smallest
hinary relation in ¢5F x <7)°} than can hold. given the inner-party struggle among the threc factions.
as il corresponds 10 the most demanding condition for inner-party agreement. It thus generates
the largest possible set of (Nash) political equilibria. IF the laclions leamn o compromise -- which
1s to say that the party's preferences come 1o be represented by a quasi-order that conisaéns the
unanirity quasi-order -- the political equilibria will be a subset of the ones hers shown 10 exist.
and hence will still censisi in progressive policies.

Perhaps the assumplion one would most like (© weaken is the inelasticily of labor supply.
[y Lhe resulls remain true if individuoals experisnce disutility from labor? Ome can prove the
following. Suppose that individuals have preferenees over meome and Ieisure, such that the labar

supply elasticity with respect to the wage 15 uniformly (for all incomes and all individuals} less than
same number 5>0. Consider, now, 4 sequence of econmies, letiing b approach zera, For &
sufficiently small, strong PUNE exist, and in abl of them, the policies are arbitrarily close to being

progressive.  (The proof gocs by showing thar, as & pets small, the feasible set of policies
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converges to the triangle OUV and the indifference curves of individuals become arbitrarily close to
being straight lines. We then use the results established above to get the limit result.) Is there a
stronger result, saying that both parties will propose progressive policies for 6 not close to zero? I
expect not. If the labor supply elasticity of the high-wage agents is sufficiently large, it does not

seem to me that progressive policies would necessarily be advocated by either party.

Department of Economics, University of California, Davis CA 95616, U.S.A.;
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