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Chapter 1

Introduction

This dissertation is devoted to the analysis of electoral systems. It
lies half way between the fields of electoral engineering and com-
parative politics. It can be embedded within typical electoral engi-
neering studies insofar as it focuses on the mechanical functioning
of electoral systems. It is also belongs to the field of comparative
politics because its final goal is to offer a characterization of all
existing democracies between 1945 and 2000. However, this dis-
sertation is above all an instrument for future research. Its main
contribution lies in the creation of a parametric measure which can
be used to characterize any conceivable electoral system. The mea-
sure proposed here establishes the minimum threshold of votes at
the national level that any party must cross in order to have a
chance of winning a given number of seats in parliament. I label
this measure the aggregated threshold function and this is the tool
used to characterize any electoral system. The following pages will
be devoted to fully explaining how these functions have been ob-
tained, how these functions have been optimized and, finally, how
these functions have been applied.

1
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The mechanical effects of electoral systems.

Electoral systems are institutions that transform political prefer-
ences into political representation. The mechanical process in which
all the elements that make up this institution interact determines
the number of seats that each party obtains in the parliament. Dis-
tinct electoral systems can be defined on the basis of this mechanical
process.

The literature has already identified some measures that accord
with this idea. Some of these are based on how proportional elec-
toral systems are (Gallagher 1991, Loosemore and Hanby. 1971,
Monroe 1994). Roughly speaking, electoral systems can be classi-
fied depending on how far they deviate from perfect proportionality.
An electoral system is said to be perfectly proportional if the share
of votes obtained by any given party gives it the same share of the
seats. To put this more simply, if a party wins 50% of the vote and
wins 50% of the seat, then the electoral system that produces such
a result is perfectly proportional. All measures based on this idea
can be used to describe any electoral system. One possible short-
coming of this approach lies in its dependence on election results.
Measures of proportionality can only be applied when the distri-
bution of votes and seats among all the parties is known. Hence
electoral systems cannot be characterized ex ante, that is to say,
before the election takes place. Only when information about the
total share of votes and total share of seats that each party has won
is known can one characterize the electoral system in terms of the
deviation from perfect proportionality.

This mechanical approach can also be examined from the op-
posite perspective. Since electoral systems transform votes into
seats, we may ask about the number of votes required to win a
given number of seats. This is also a mechanical process charac-
teristic of each electoral system. This reasoning provides the basis
for other types of measure that can also be used to characterize
electoral systems. These measures are based on the minimum and
the maximum number of votes that are required to win a seat in
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the parliament (Rokkan 1968, Rae et. al. 1971, Lijphart and Gib-
berd 1977, Penadés 2000). In this approach, a set of functions is
calculated in order to establish the upper and the lower bounds of
an interval of votes that each electoral system produces in order
to allow a party to enter parliament. The inclusion and exclusion
thresholds are at the center of this discussion. The threshold of rep-
resentation or threshold of inclusion was first calculated by Rokkan
(Rokkan 1968). This value shows the best condition under which a
party may win a seat in parliament. The other side of the coin is
the value calculated for the threshold of exclusion. This function
calculates the worst condition for a party to win a seat. This value
was calculated by Rae, Loosemore and Hanby (1971) in response
to Rokkan’s proposition. Both values can be used to characterize
an electoral system. Electoral systems can be, for example, clas-
sified depending on how high or low their inclusion or exclusion
thresholds are. Since electoral systems define the lower and the
upper bounds of the interval of votes required to win the first seat
in the parliament, they give us an indicator which can be used to
test the extent to which electoral systems allow small parties to win
representation in parliament.

The inclusion and exclusion thresholds also provide the basis for
an empirical measure that is widely used to characterize electoral
systems: the effective threshold. This function has mainly been
developed by Taagepera and Shugart (1989) and Lijphart (1994).
The values obtained for the effective threshold function represent
the average value of both the inclusion and the exclusion thresh-
olds. This is considered to provide a close approximation to the real
value that each electoral system establishes in order for a party to
win a single seat. However, there are also some problems with these
effective threshold values. One of them is that, as they appear in
the literature, all functions are calculated at district level. These
functions do not provide values at the national level; that is, they
do not offer a method to aggregate district values. A second prob-
lem of these effective threshold values is that they are not general
and cannot be applied to all electoral systems. They are calculated



4/ Aggregated Threshold Functions.

by taking into account only the most widely-used electoral formu-
lae, and hence they do not consider all different existing formulae.
As they appear in the literature, threshold functions seems to be
designed to fit empirical results rather than to reveal the mechanics
of every possible electoral system.

Attempts have also been made to calculate threshold functions
not just for one seat but for any number of them (Rae et al. 1971;
Lijphart and Gibberd 1977; Penadés 2000). This certainly consti-
tutes an interesting way of measuring the functioning of electoral
systems. By establishing the interval of votes for each seat, one can
calculate the effects that any electoral systems has on the allocation
of parliamentary seats. However, the problems this approach poses
have already been mentioned. The bulk of the literature that has
treated this issue has concentrated on the district level and has only
considered the most common electoral formulae. This does not, of
course, invalidate this literature, but it would be more desirable to
have a measure with fewer restrictions.

In this thesis I hope to overcome all these shortcomings asso-
ciated with existing measures. For this reason I have sought to
develop a set of functions capable of producing national or aggre-
gated values. This set of functions is also general because it can
be applied to every possible electoral formula. In fact, each type of
electoral formula has its own threshold function. These aggregated
threshold functions can also be used to calculate the proportion
of votes required to win any number of seats. Finally, this set of
functions can be applied before an election takes place. That is to
say, one can apply aggregated threshold functions simply on the
basis of the elements that define an electoral system, and not only
by looking, after an election, at the results generated by a given
electoral system. In this sense, aggregated threshold functions can
be termed ex ante institutional responses. A starting point is re-
quired in order to define aggregated threshold functions. This is
provided by an existing measure calculated by Penadés (2000). Pe-
nadés calculates district threshold functions as tools to calculate
the necessary and sufficient share of the vote to win any number of
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seats given any district magnitude, any electoral formula and any
number of parties. This thesis proposes a method to aggregate the
values obtained when applying these district threshold functions.
My aggregation method is based on a broader definition of elec-
toral systems and a series of assumptions that will be presented in
the pages that follow. The result is a new set of functions that can
be used to calculate the share of votes required to win any num-
ber of seats nationwide. This set of functions provides the basis to
characterize any electoral system.

Why is it necessary to characterize electoral
systems?

Elections constitute a defining feature of democracies. As Prze-
worski points out, democracy is a system in which the incumbent
sometimes loses elections (Przeworski 1991). In order for a democ-
racy to exist, therefore, periodic elections must take place. This
does not mean that any polity that has periodic elections can be
considered to be a democracy. The fact that an incumbent may
lose an election implies the existence of a political opposition with
a chance of winning the elections and that there are established
rules setting up mechanisms to guarantee this political plurality.
Elections are a necessary but not a sufficient condition for the exis-
tence of democracy. Elections are, therefore, instruments through
which voters can replace incumbents and express their political op-
tions. Through elections voters can punish or reward governmental
performance, as well as decide which policies better fit their own
preferences (Przeworski, Manin and Stokes 1999; Bingham Powell
Jr. 2000; Maravall 2003).

Given that elections are a key defining feature of any democ-
racy, the study of elections is also the study of democracies. This
dissertation contributes to this field by providing a characterization
of every electoral process in every democracy in the world between
1945 and 2000. The ultimate goal of this thesis is to introduce a
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parametric value that summarizes the mechanics of every electoral
system. If elections are so crucial to democracy, then the existence
of such a characterization should help us understand many phenom-
ena associated with the working of democracy. What institutional
design is most likely to be adopted when many political parties com-
pete? Under what electoral system are voters best able to punish or
reward political performance? Why are different electoral system
chosen? These are some of the questions that can be answered with
the help of the characterization proposed in this thesis.

The unit of analysis in this study is the electoral system used for
parliamentary elections in each democratic country between 1945
and 2000. Broadly speaking, an electoral system is defined as an
institution composed of five elements. The first element is the num-
ber of seats in the lower chamber or house of the legislature. The
second is the number of parties that compete for those seats. Since
elections are competitive, I will assume that the number of parties
always equals at least two. The third element is the number of
districts into which the country is divided. The number of districts
must range from one to the total number of seats in the parliament.
When the number of districts is one, then all seats are elected in
a single district comprising the entire territory. This is the case
in Israel, The Netherlands or Moldova. When the number of dis-
tricts equals the number of seats in the parliament, the country is
divided into uninominal districts. Countries like the United King-
dom, the United States or India have used uninominal districts to
choose their members of parliament. The fourth element is a vector
that shows the distribution of seats in each district. If the num-
ber of districts is a value that ranges from one to the total number
of seats in parliament, seats can be distributed in any number of
districts that fulfil that property. In Latvia the electoral system
used to elect the 100 members of the parliament has 5 districts.
Twenty members of the parliament are elected in each of these dis-
tricts. However, in Spain the 350 seats in parliament are distributed
among 52 districts, ranging in size from 1 to about 30 seats. All this
information is brought together in a vector that shows how many
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seats are returned by each of the districts into which the country is
divided. Finally, an electoral formula is required to transform votes
into seats. In this study, an institution with these five elements is
called a complete electoral system.

The characterization proposed here is based on two main two
ideas. First, complete electoral systems are characterized in terms
of the minimum proportion of votes necessary to win one seat in the
parliament. The value expresses the same idea as the threshold of
inclusion and indicates the proportion of votes that each party must
obtain at national level in order to win one seat in the parliament.
In substantive terms, this value provides a measure to test the ease
with which the institution allows the entry of small parties into par-
liament. Complete electoral systems with lower aggregated values
for obtaining one seat in parliament are more likely to have a larger
number of small parties than those complete electoral systems with
higher aggregated values to win a single seat.

The second value used here to characterize electoral systems is
the minimum proportion of votes necessary to win the majority of
seats in parliament. This value represents the threshold that each
party must cross in order to win the majority of seats in the par-
liament. A party obtaining this proportion of votes does not auto-
matically win the majority of seats in the parliament, but rather it
meets the minimum condition that must be satisfied in order to be
in a position to do so. In other words, a party that does not receive
that proportion of votes has no chance of winning the majority of
seats in the parliament. In substantive terms, this value indicates
the likelihood of the formation of coalition cabinets in parliamen-
tary systems or strong parliamentary majorities in other regimes.
Parliamentary systems with complete electoral systems that result
in lower aggregated values required to win the majority of seats in
the parliament are more likely to have stronger, single-party cab-
inets than parliamentary systems with complete electoral systems
with a higher value. The probability of the existence of coalition
cabinets is logically higher in the latter than in the former.

The results presented in this dissertation offer a portrait of the
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mechanical operation of each complete electoral system used in the
period under study. The aggregated approach described in this dis-
sertation constitutes an innovation in the study of electoral systems.
As noted above, existing attempts to characterize electoral systems
have either been partial and/or focused on the district level. For
these reasons, the elaboration of the aggregated threshold functions
as defined here as well as their application to the characterization
of most of the electoral system around the world between 1945-2000
may be interpreted not only as a step forward in the field of study,
but also as offering a new variable that should make it possible to
offer more complete answers to some of the questions mentioned
above.

Outline of the thesis.

The structure of the thesis itself reveals how, as noted above, it lies
somewhere between the fields of electoral engineering and compara-
tive politics. Even though the characterization of electoral systems
used between 1945 and 2000 is made on the basis of their aggregated
threshold functions, the emphasis of the dissertation lies elsewhere.
The first part of the study focuses on the way electoral systems
work and how their mechanical functioning can be summarized in
aggregated threshold functions. The second part of the thesis, in
contrast, pays more attention to how particular electoral systems
used in particular elections can be characterized in accordance with
these functions. The emphasis in this part of the study is on the de-
scription on specific electoral systems and the results they produced
in specific elections.

Enriching the field of electoral engineering, Chapters 2 and 3 ex-
plain all the features that combine to define aggregated threshold
functions. These two chapters are written in a formal and abstract
way. Chapter 2 sets out the theoretical framework within which ag-
gregated threshold functions must be located. The chapter begins
with a critical discussion of the different measures and approaches
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used in the existing literature to characterize electoral systems, tak-
ing into account their mechanical functioning. After identifying the
relevant theoretical and empirical debates, I go on to explain why
threshold functions constitute an appropriate measure with which
to characterize electoral systems. Aggregated threshold functions
are presented here as representing a step beyond the approach taken
by Penadés (2000). The notations and definitions that describe ag-
gregated threshold functions constitute the core of this chapter.
Finally, the results of data validation are shown to prove the pre-
dictive capacity of these functions.

The aggregated threshold functions are optimized in Chapter
Three. The approach here is also formal and mathematical. Briefly,
given a total number of seats, the optimization process seeks to
identify the combination of seats from all districts that results in
the minimum proportion of votes required to win that number of
seats. The method used to optimize aggregated threshold functions
requires the elaboration of a number of theorems. Attention is first
paid to optimization in cases when the total number of seats equals
1. Then, I consider the case in which the total number of seats
equals half of the seats in the parliament. This optimization is ap-
plied to winner-takes-all and closed list proportional representation
electoral systems, while I also offer some intuitions about multi-tier
and mixed electoral systems. The theorems are developed, tested
and illustrated through examples.

Chapter 4 serves as a bridge between the formal and abstract
ideas developed in Chapters 2 and 3 and the empirical application
of the functions in Chapters 5 to 7. Chapter 4 has two main goals.
The first one is to present the database used in the remainder of
the thesis. Data will be classified by families of electoral formulae.
Since the unit of analysis is the electoral system, a set of criteria is
provided through which to differentiate between electoral systems.
Roughly speaking, any two electoral systems will be considered as
different if they differ in the number of seats in the parliament,
if they use a different electoral formulae, or have different tiers of
seat allocation, if the number of districts is different and if there
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has been a non-democratic period between the two consecutive elec-
tions. The second goal of this chapter is to present the methodology
required to apply aggregated threshold functions. At this point, the
chapter will set out the methodology used for cases in which the
information is known for all variables. A proxy function will be
elaborated for those cases in which the variable containing the dis-
tribution of seats among districts is not known.

Chapters 5, 6, and 7 describe the electoral systems that fit the
criteria established in Chapter 4. These three chapters share a very
similar structure and their goal is to show the values of the aggre-
gated threshold functions that are used to characterize these elec-
toral systems. Electoral systems are characterized in accordance
with the type of electoral formula used. Hence, Chapter 5 focuses
on winner-takes-all electoral systems using majority or plurality
electoral formulae. The chapter briefly describes the main features
of all systems that can be classified under this label and explains
which of them can be subjected to the application of aggregated
threshold functions. Finally, aggregated threshold data are shown
for each electoral system. Data is introduced first for one seat, and
then for the majority of seats in the parliament.

Chapter 6 describes the complete electoral systems that fit into
the list proportional representation category. List proportional rep-
resentation electoral systems are divided into two types depending
on the type of electoral formula used to transform the votes into
seats. The chapter adopts a similar structure for both types of elec-
toral formula. Divisor-based and quota-based electoral systems are
presented and formally defined. Once defined, these electoral sys-
tems are characterized using the data produced by the aggregated
threshold functions. As in the case of winner-takes-all electoral
systems, the discussion of aggregated threshold data for one seat is
followed by the presentation and analysis of data for winning the
majority of seats in the parliament.

Chapter 7 moves on to consider multi-tier and mixed-member
electoral systems. As in Chapter 6, a parallel structure is followed.
Given the particular features of these electoral systems, the method-
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ology used to apply aggregated threshold functions to these elec-
toral systems is slightly different to that used in the other cases.
To put this simply, this is because multi-tier and mixed-electoral
systems are characterized by having two or more tiers of seat allo-
cation. The difference between them is that whereas in the former
the same electoral formula is used in both tiers, in the latter the
formula used is different in each tier. This peculiarity complicates
the application of aggregated threshold functions, making it nec-
essary to develop an alternative methodology. This methodology
is, however, tentative and rests on strong assumptions. So, after
defining these electoral systems and specifying which of them can
be subjected to the application of aggregated threshold functions,
some data is presented. As in previous chapters, data for winning
one seat is shown first and followed by data for winning the majority
of seats in parliament.

Finally, Chapter 8 sums up the main conclusions that can be
drawn from this thesis.
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Chapter 2

Characterizing Electoral
Systems

The debate about the characterization of electoral systems can be
approached from at least three perspectives. On the one hand, one
can characterize an electoral system in accordance with the way it
converts votes into seats. Or to put it in another way, by measur-
ing the degree of distortion between the share of votes and seats
produced by each electoral system. The distortion index, DI, is
one measure that illustrates this idea. A second approach to the
characterization of electoral systems involves measuring the range
of votes with which political parties achieve representation in par-
liament. Discussion about the exclusion threshold, the threshold of
representation, the effective threshold or district magnitudes dom-
inates this approach. Finally, there is an innovative and original
approach through which to characterize electoral systems. This ap-
proach is based on threshold functions and centres on the necessary
and sufficient conditions to obtain a determined number of seats
given the magnitude of a district, the electoral formula and the
number of competing parties. All these approaches are discussed in
this chapter. I conclude by proposing a new measure to character-
ize electoral systems which consists of a reformulation of threshold

13



14/ Aggregated Threshold Functions.

functions. The chapter ends by testing the predictive capacity of
this new measure using actual electoral data from different electoral
systems.

2.1 Traditional approaches to characterizing
electoral systems.

There is a vast literature devoted to the mechanical effects of elec-
toral systems. In a seminal article Burt L. Monroe offers a detailed
discussion of the most important measures of disproportionality
(Monroe 1994). The index created by Loosemore and Hanby in
1971 is probably the most inspiring of these measures, since all
other indexes are to some extent derived from it. As these authors
explain, given a district of size My with P; competing parties,

“...distortion, DI, is defined as the extent to which the
distribution of seats won does not mirror the distribu-

tion of votes cast for all parties” (Loosemore and Hanby
1971: 468)

In accordance with this definition, they propose a function to
calculate the distortion of an electoral system:

Pq
Y (2.1)
p=1
Where Vf and Sg respectively refer to the share of votes and
number of seats won by party p in district d.
However for practical reasons, Loosemore and Hanby preferred
an index with 0 as the minimum value and 1 as the maximum!.

The function that they went on to propose is thus as follows:

'Loosemore and Hanby justified this new function through the following
example. Imagine that there are two competing parties, P;= 2, in a single
member constituency, M4s= 1. Imagine also that p; obtains all the votes but no
seats and p2 wins all the seats but none of the votes cast. In this hypothetical
situation the maximum value of DI would be 2. This situation, though in
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Pq
DIrgn = % Z VP — st (2.2)
p=1

According to the literature, one of the problems with this index
concerns its over-sensitivity to the number of parties. It is for this
reason that Rae (1971), Lijphart (1984) and Gallagher (1991) have
proposed modifications to Loosemore and Hanby’s original index.
However, these new indexes also suffer from their extreme sensi-
tivity to the incorporation of minor parties (in the case of Rae)
or loss of information (Lijphart). Gallagher (1991) moves beyond
Loosemore and Hanby’s approach and explains why the concept
of proportionality is relative and how each electoral system has its
own index of disproportionality. So, building on largest remainders
methods he proposes the ‘least square index’:

Py
S (vE-sh)?

Dl = ”ﬂf (2.3)

Based on the d’Hondt or greater divisors he derived the follow-
ing function:

DId/Hondt = max(L) (2.4)

Where L is the largest remainder among all parties with a share
of the vote,
vy >0.5

Finally, Gallagher offers an index based on the Sainte-Lagué
electoral formula:

Py P D\ 2
Vvy—-8
DIg_; = E :(dvpd) (2.5)
p=1 d

practice impossible, is revealing in theoretical terms in order to understand the
limits of this value (Lossemore and Hanby 1971:469).
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While it is true that the definition of each electoral system may
implicitly contain its own concept of proportionality, the indexes
proposed by Gallagher may be taken as adequate measures inso-
far as, in Monroe’s words, they minimize “an infinite number of
indexes, any of which might be chosen” (Monroe 1994:140).

The crucial point for the purposes of this research is that all
these indexes reflect the mechanical effect of the electoral system
once an election has occurred. As noted above, all the measures
discussed here show the variation in the ratio between seats and
votes once the election results are known. That is, they are mea-
sures that explain the mechanical effect of electoral systems ex post.
This is precisely one reason why these indexes should not be used
to characterize electoral systems. If one really wants to see how
each electoral systems operates, then it should be possible to know
its outcomes ex ante, that is, before elections are held. Only in this
way would it be possible to anticipate the electoral outcomes of each
system. In a bid to overcome this limitation, one of the objectives
of this thesis is to develop a measure that takes into account the
defining variables of an electoral system and is able to identify their
mechanical effects without relying on electoral results.

One way of approaching this task is by considering the degree of
openness of each electoral system. As Taagepera points out, one of
the most distinctive features of electoral systems are the constraints
that are established to the entry into parliament of small political
parties (Taagepera 1998a). These constraints have a direct influ-
ence on the number of political parties that gain representation and
also reflect the deviation from perfect proportional representation.
When talking about electoral constraints, legal threshold, 77, and
district magnitude, My must be taken into account.

Mainly based on district magnitude, there are two important
measures that clearly illustrate the degree of openness of an elec-
toral system. As I will explain in more details in the next section,
the threshold of inclusion or threshold of representation refers to
the percentage of votes below which a party will not win a seat. In
other words, this threshold points to the minimum percentage of
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votes which a party needs, in the most favorable circumstances, to
obtain a seat in a district, given the district magnitude (Lijphart
1994, Grofman 2001). A share of votes higher than the threshold of
inclusion is a necessary (though not sufficient) condition to obtain
representation (Penadés 2000).

In Lijphart (1994) this threshold is calculated using the follow-
ing function:

100%
Tine = 2Md0 (2.6)

Where My, as already noted, indicates the magnitude of district
d.

The threshold of exclusion is the maximum percentage of votes
which, under the most unfavorable circumstances, may be insuffi-
cient for a party to win a seat given the district magnitude. Surpass-
ing this threshold is a sufficient (though not necessary) condition to
win a seat. Or to put it another way, a party that gets a percent-
age of votes above this threshold will win at least one seat (Lijphart
1994, Penadés 2000).

Again, Lijphart (1994) calculates this threshold using the fol-
lowing function:

100%

-
exc Md+1

(2.7)

These two thresholds constitute the basis for the most com-
monly used measure to characterize electoral systems. The effective
threshold, T¢/f is a value that lies between the inclusion and the
exclusion threshold. Or as Carles Boix explains, the notion of the
effective threshold is

“...based on the idea that the percentage of votes a party
needs to gain representation is not a specific number but
a range of possibilities” (Boix 1999:614; see also Lijphart
1994:25).
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In fact, Lijphart takes the average of the exclusion and inclusion
thresholds in order to calculate the effective threshold. This gives
us the following function:

Teff _ 50% 50%
Lijp M;+1 2M,

This expression can be contrasted with the function proposed
by Taagepera and Shugart (1989):

, for Mg >1 (2.8)

pers [ 1 1

= 2 2.9
T&S Md+1 + Mde / ( )

Where P, is the number of competing parties in district d and
where it is assumed that Py is about the same size as district mag-
nitude, My, except for My = 1 in which case, P; must be at least
equal to 2 (Taagepera and Shugart 1989:274-277). Taking this into
account, Taagepera and Shugart’s function is reduced to

s _ 50%

s =3t (210)

Discrepancies arose between Lijphart and Taagepera about the
validity of their formulation for the case of My = 1. When My =1,
both Taagepera’s and Lijphart’s functions yield a result of 50%
which is too high, given that according to their data single-member
districts seats are won with fewer votes. Therefore, Lijphart opted
arbitrarily for a threshold of 35% but Taagepera proposed in a
private communication to Lijphart (Lijphart 1994) a new function:

Tl _ 75%
aag Md“‘l

(2.11)

Using this function, when My = 1, T;éf:g = 37.5%, which is very
much in accordance with Lijphart ‘s recommendation of 35%.

The utility of the inclusion and exclusion thresholds is straight-
forward since they make it possible to calculate the range of votes

within which political parties will win their first seat. However, I
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argue that there are some problems in this respect which are worth
noting. The first is that these thresholds are not valid for all elec-
toral systems. As I demonstrate below, each electoral formula has
its own inclusion and exclusion thresholds (Penadés 2001; Lijphart
and Gibberd 1977). This problem becomes even more acute when
we consider how the effective threshold is calculated. Taagepera
and Shugart (1989) used, for example, the divisor-based d’Hondt
electoral formula to calculate the exclusion threshold and the quota-
based Hare electoral formula to calculate the inclusion threshold.
And while agreeing with this method of calculating the exclusion
threshold, Lijphart disagreed with them with respect to the ap-
propriate method of calculating the inclusion threshold. Instead of
using a largest remainder method with full Hare Quota, he pro-
posed using one half of it, ﬁ. While it is true that all these
measurements served Lijphart’s and Taagepera and Shugart’s pur-
poses well, they provide no mechanisms or logical procedures to
explain why this is so. They are empirical but not systematic mea-
sures. Hence, the need for a unifying and more universal function.
This becomes even more apparent when it is remembered that the
studies reviewed here refer mainly to the district-, as opposed to
the national or aggregated-level 2.

There is, finally, another interesting approach to characterizing
electoral systems. Penadés (2000) defines the threshold functions of
an electoral system. This approach is built around the electoral for-

In this respect, an illuminating discussion about nationwide thresholds of
exclusion and inclusion can be found in two interesting articles by Taagepera
(Taagepera 1998¢, 2002). However, these articles suffer from some of the same
problems mentioned here. Taagepera does provide a formula to calculate both
the exclusion and inclusion thresholds (Taagepera 1998c). However, he only
focuses on a formulation based on the d’Hondt allocation rule simply because his
reasoning is only valid for this specific formula. Furthermore, his reasoning is not
valid, for example, for systems such as the German one which has compensatory
seats, a formula which has also been adopted in some Central and Eastern
European countries (for example Albania). These articles do, however, clarify
some issues, and hence will be taken into consideration in this research. This
is the case for example, of his discussion of the effective number of competing-
parties or the number of electoral districts (Taagepera 1998c, 2002)
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mula used. Threshold functions determine at the district level the
necessary and sufficient number of votes for each seat as a function
of the district magnitude, the electoral formula and the number of
competing parties, whatever the distribution of votes among them
(Penadés 2000:33). Penadés “s work is theoretical and needs further
development. However, the path he has opened is promising and
appealing since it points to the possibilities for the rigorous devel-
opment of a general formula that can be applied to all systems. I
explain this approach in detail in the following section.

2.2 Threshold functions: first steps towards
an alternative measurement to charac-
terize electoral systems.

Stein Rokkan (1968) posited a key question in the study of electoral
systems:

How little support can possibly earn a party its first
parliamentary seat? (Rokkan 1968:6-21).

This question is sparked by his keen interest in identifying the
characteristic range of votes required by each electoral system for
a party to win a seat. In other words, the issue at stake is about
calculating the best and worst conditions to win parliamentary rep-
resentation under any electoral system. The pioneering work in this
area is Rokkan’s calculation of the most favorable condition to win
one seat. The question that Rokkan tries to answer is how little
support a party needs in order to win its first seat in parliament.
This concept is known as the threshold of representation and refers
to the minimum share of votes that allows any party, p, to win 1
seat in a district. Rokkan (1968) calculates this condition for three
types of electoral formulae: d’Hondt, Sainte-Lagué and Hare.

The concept of threshold of representation was contested by Rae
et al (1971). Rather than focusing on the most favorable condition
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that allows a party to win a seat, Rae, Hanby and Loosemore were
more concerned with the maximum support a party could win and
still not obtain a seat. This is the threshold of exclusion, which
introduces the idea that a party may not win a seat even though
it has strong political support. The threshold of exclusion was
calculated for the same three electoral formulae used by Rokkan, as
well as for the plurality formula, all applied at district level.

These theoretical developments still leave one question unan-
swered. One could ask if such thresholds might be calculated not
just for one seat but for any number of them in a multi-member
district. Rae et al. proposed some possible answers to this question
in their work (1971:485). However, the most rigorous attempt to
find such a threshold was Lijphart and Gibberd (1977). Here, Li-
jphart and Gibberd refined the threshold of inclusion or exclusion
calculated by Rokkan and Rae et al. and expanded the analysis to
a new divisor-based electoral formula: Modified Sainte-Lagué. But
their most valuable contribution was to develop formal reasoning
to calculate these values for any number of seats. This is what they
term "payoffs functions" (Lijphart and Gibberd 1977: 230).

These studies are of great value. However, one may still ask if
it is possible to identify some functions capable of calculating these
thresholds for any electoral system using any electoral formula. As
I pointed out, Lijphart and Gibberd’s study only calculated the val-
ues for the most commonly used electoral formula: d’Hondt, Sainte-
Lagué, Modified Sainte-Lagué and Hare. However, the universe of
electoral formulae is much more broader, raising the question of
whether it is possible to identify a function capable of calculating
the best and the worst conditions to win any number of seats in a
district when any electoral formula is applied. In other words, can
we define a general function that could be applied to any electoral
system using any conceivable electoral formula. One excellent and
extremely attractive approach to this problem lies in what Penadés
(2000) calls threshold functions.

Before discussing this, it is perhaps necessary to refer to the
terminology that will be used from this point on. As noted above,
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Lijphart and Gibberd used the term "payoff functions" to refer
to the share of the vote needed to win any number of seats in a
district. However, as Penadés rightly argues, "payoff functions"
should be used to refer to those functions that predict the number
of seats that a party wins given its share of votes, whereas thresh-
old functions should refer to a set of functions used to calculate
the minimum and maximum proportion of votes needed to win a
determined number of seats in a district (Penadés, 2000:35). The
term threshold functions is used here in this second sense.
Penadés (2000) theoretically refines and enriches the work of the
other scholars mentioned above by calculating a general and univer-
sal formulation for threshold functions. His study proposes thresh-
old functions for both majoritarian and proportional representa-
tion electoral systems. Among the latter, he distinguishes between
divisor-based and quota-based electoral systems. These threshold
functions apply, then, for any number of seats and for any possible
electoral formula. As in Lijphart and Gibberd, Penadés’ threshold
functions make it possible to calculate the necessary and sufficient
number of votes that a party must obtain in order to win a deter-
mined number of seats given any elemental electoral system. An
elemental electoral system comprises three components: an elec-
toral formula, F', a district magnitude, My, and finally the number
of competing parties in that district, Py(Penadés, 2000:23).
Threshold functions are calculated by Penadés at district level
and on the basis of two specific elements of the electoral formula:
the modifier of the quota, n, for quota-based electoral formulae®

3Briefly, a quota, Q(n), is defined as

7M¢+’I’L

Q(n)

where My is the magnitude of district d, n is the modifier of the quota and V4
corresponds to the total of valid votes in district d. When n = 0, the Hare quota
or simple quota is obtained; when n = 1, the Droop quota and when n = 2, the
Imperiali quota is obtained. See Chapter 6 for a much more detailed account of
how quota-based electoral systems are conceived.
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and the adjustment term, ¢, for divisor-based electoral formulae?.
These two concepts derive from a redefinition of the working of these
two types of formulae. Given the existence of these two families of
electoral formulae, two approaches will also be used to calculate
threshold functions. The first is based on n, the modifier of the
quota, and the second on the adjustment term, c.

Before I introduce the general form of these formulae, it would
be useful to see how threshold functions are conceived. One way of
approaching these functions is by working out the necessary and the
sufficient number of votes to obtain the same number of seats ( Rae
et al.1971; Lijphart and Gibberd 1977; Penadés 2000). It should be
remembered that the threshold of representation refers to the share
of the vote below which it is impossible to obtain representation.
In this sense, the minimum number of votes required to win one
seat is also the necessary number of votes to obtain representation.
If a party, p, wins a share of the vote which equals the necessary
number of votes to obtain a given number of seats in district d, Sg ,
that party will have a chance of winning that amount of seats in
that district. Likewise, the threshold of exclusion is the percentage
of votes at which it is impossible for a party not to obtain repre-
sentation. That is to say, the sufficient number of votes to win one
seat equals the maximum number of votes with which a party will
obtain no seats. If a party, p, obtains a share of the votes which is
above the sufficient number of votes required to win S% seats, that
party will get at least that amount of seats in district, d.

This reasoning gives us two important definitions that should
make it possible to fully understand threshold functions.

Definition 1 VS’YZGC(F, My, P;): This function determines the nec-
essary, but not sufficient, share of votes in order to obtain any num-
ber of seats in district d, Sy, provided that Sy is a number smaller

*Very briefly, the adjustment term, c, is used to allocate seats in divisor-
based electoral formulae. When ¢ = 1, then d’Hondt electoral formula is used,
when ¢ = 0.5, the Sainte-Lagué electoral formula is used. See Chapter 6 for a
much more detailed exploration of divisor-based electoral formulae.
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or equal to district magnitude,1 < Sq < My and given the electoral
formula, F', the magnitude of district d, My, and the number of
competing parties in that district, Py.

Definition 2 V;:f(F, My, Py): This function determines the suf-
ficient number of votes to obtain Sy seats given F, My and Py and
provided that 1 < Sy < My (Penadés 2000:127).

From these definitions, we derive the following conclusions for
any party, p, with a share of votes, Vf , given F, My and Pj :

Conclusion 1 If V] < VI(F, My, Py), then Sj < Sy.
Conclusion 2 If V' > V5" (F, My, Py), then S > S,.

Conclusion 3 If V§<(F, My, Py) < V{ < V3" (F, My, Py), then
max(Sh) = Sy provided® that Vgt = nguf.

Threshold functions comprise, therefore, two different functions.
On the one hand, the function of necessary votes for any number of
seats, V§“(F, Mg, Py), and on the other, the function of sufficient
votes for those Sy seats, VSSd"f(F, My, Py).

Once these definitions have been established, the threshold func-
tions for both, quota-based and divisor-based methods are as fol-
lows:

e Quota-based methods
Pi(Sqg—1)+1+n

Pd(Md + n)
where 1 < Sy < My and n > —My

Vg “(Ma, Pg,n) = (2.12)

nec

°This restriction is important. If V§e§, < V;’;f, then the necessary condition

to take Sq+1 seats would lie within the range [Véldef_l, Vsszf} and conclusion 3

would no longer hold.
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Pi(Sq—1)+P;—1+n
Py(Mg+n)

Sqg—1 Mg—S;+1+n

Mg+n (Myg—Sq+2)(Mg+n)

it Sg < Mg— Py+2

Vg:f(Mdapdan) =
IS, > My— Py+2

(2.13)

where 0§ Sd < Md -1
Threshold functions enable us to establish a general formula for
the inclusion and exclusion threshold:

n+1

Vi (Mg, Pyyn) = —————

(2.14)

If VI < Vg;il(Md,Pd,n), then it is impossible for party p to
obtain a seat in parliament.

Pi—1+4+n

SdT T P < Mg+ 1

VST (A P Py(My+n) d =

Sdzl( d>s dan)_ 1 (215)
P> Myt
RSV

If Vf > VSs:i 1 (Mg, Pg,n), then a party p will necessarily obtain
at least one seat in parliament.

e Divisor-based methods.

Sqg—1+c¢

Vg “(Mg, Pa,c) = M, 17 Py

if c>0and 1< S, <My (2.16)
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Sqe—1+c¢ if Sg<Myg—P;+2
Md—i-l—‘rpd(c—l) and 0 <c<1
V;:f(M,Pd,c): Sqg—1+c¢ ifSg>Myg— P;+2
(Mg+1)c+Sg(l—¢c)—14+¢ and0<c<1
Sg—1+c¢
—_— ifc>1
My —1+2¢ ne=
(2.17)

where 0 < Sy < My —1
Finally, the general form of both the exclusion and the inclusion
thresholds for divisor-based methods are:

C

Vaee (Mg, Pyye) = —————
Sd—l( d> d;c) Md—1+PdC

if¢>0 (2.18)

and

C
Mg+ 1+ Pi(e—1)
1
Md—l-l

ifP<Myg+land0<e¢<l1

Ve (Mg, Py,c) =

ifPy>Myg+1land0<c¢c<1
(2.19)

At this point, it is necessary to make a number of observations
about the importance of the legal threshold, 7. Some electoral
laws establish a minimum percentage of votes required to win parlia-
mentary representation. These types of electoral barrier, which are
largely intended to prevent the entry of minority parties into par-
liament, are known as legal thresholds. This variable is, of course,
of great importance when considering the necessary and sufficient
conditions to obtain Sy seats. If T, > VSS:f > Vb’ifc then, T, gives
us the share of votes that are required to win Sy seats. I will return
to the question of the importance of legal thresholds in Chapter 4.
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Penadés’ contribution to this field derives not only from his
success in providing generally applicable inclusion and exclusion
thresholds, but also in presenting a function that is capable of cal-
culating the necessary and sufficient number of votes required to
win any number of seats. Another important point must be noted
in this respect: these functions are conceived for cases in which
there is uncertainty about the distribution of votes between all po-
litical parties. If we know how the votes are distributed between
all competing parties, that is, after the elections have taken place
and once the results have been announced, it is possible to make a
straightforward calculation of the number of seats that each party
will get. Threshold functions indicate the range of votes within
which a determined number of seats can be won. The exact distri-
bution of seats can only be calculated once we know the distribution
of votes among the competing parties. This is why threshold func-
tions make it possible to make predictions ez ante the elections take
place. The next two examples provide a detailed example of this
idea.

Example 1 The relationship between threshold functions and the
general algorithm for a divisor-based electoral formula (d’Hondt)

Imagine an electoral system where the size of the district, My,
is 3, the number of competing parties for those seats is P; = 5 and
the electoral formula used to distribute the seats is d’Hondt, ¢ = 1.
Now, imagine the following distribution of seats:

Using the general algorithm® to work out the number of seats
that each party would get under the d’Hondt electoral formula,
party A would obtain 2 seats and party B the third seat. The rest
of the parties would not win any seats. In Table 2.1 above, we can

SAn algorithm is set of operations related to a calculation. In the context
of electoral formulae, algorithms define the procedures used to allocate seats.
For example, in Sainte-Lagiie divisor-based formula, the number of votes for
each party is divided by{0.5,1.5,2.5...}. In the case of the D’Hondt electoral
formula, the divisors are {1,2,3..M}. Seats are allocated to those parties that
obtain the highest divisors.
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Table 2.1: Allocation of seats using d’Hondt general algorithm

Parties | Votes (V) VJ/1 VJ/2 V7/3 Seats allocated
A 410 410 205 137 2
B 350 350 175 117 1
C 190 190 95 63 0
D 30 30 15 10 0
E 20 20 10 6.7 0

see how seats are allocated in accordance with the criterion of the
highest average. Whereas this example shows the exact allocation
of seats given the number of votes won by each party, threshold
functions give us a particular range of votes for each of the seats at
stake. The values of the necessary number of votes and the sufficient
number of votes for each seat, given My, Py and ¢ are shown below:

Table 2.2: Threshold values for c=1.

Seats (S,) | Viee vyl
1 0.14  0.25
2 0.28  0.50
3 042 075

Table 2.2 shows that in order to have a chance of winning 1 seat,
a party must obtain at least 14% of the votes. The party in ques-
tion will, without any doubt, win its first seat once the proportion
of votes obtained by the party is 25% or more. Since party A and
B obtain 41% and 35% of the votes respectively, each is entitled
to at least 1 seat. However, they are both in a position to win a
second seat because the necessary condition to obtain this is 28% or
more of the vote. However, since none of the parties has won more
than 50% of the vote, the second seat is not guaranteed. In this
example, the remaining seat goes to party A since 41% of the votes
is higher than 35%, and a property of the electoral formulae is pos-
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itive monotony, i.e. they cannot allocate more seats to a party with
fewer votes (Penadés 2000:25). Notice how party C' with 19% of the
vote does not obtain representation. The share of votes obtained
by C' certainly comes between the range required to obtain the first
seat [0.14,0.25], but since it does not surpass the sufficient num-
ber of votes required to obtain this seat, that seat goes to party A.

Seats

— 7 T T T T T T T T
0.2 0.4  vVvotes 0.6 0.8 1

Figure 2.1: Threshold results for My; =3, Pyj=5and c=1

Figure 2.1 shows the points at which a determined number of seats
can be gained. The dot-dash line shows the maximum number of
seats that it is possible to win; the solid line shows the number of
seats that will certainly be won. We can see from this figure that
the first seat will necessarily be won by a party taking 25% of the
vote and the third by winning 75% of the vote. If a party wins less
than 14% of the vote it is impossible for it to obtain representation
and between 25% and 42% the minimum number of seats that can
be obtained is 1 because the sufficient condition to obtain a second
seat is to take more than 50% of the vote. However a share of the
vote of above 42% gives the party in question a chance of obtaining
a maximum of 3 seats, whereas a share of between 28% and 42%
only gives a party a chance of winning 2 seats maximum. This fig-
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ure clearly illustrates the idea behind threshold functions. These
functions do not tell us how many seats a party will obtain given its
electoral result, but rather the number of votes that are required to
win a determined number of seats: for party A to gain 2 seats for
sure, it must obtain at least 50% of the votes given My, Py and c.

Example 2 The relationship between threshold functions and the
general algorithm for a quota-based electoral formula (Hare).

Imagine a new electoral system in which the size of My is also
3, the number of competing parties for those seats is, once again,
P; =5, but the electoral formula used to distribute the seats is now
a Hare quota-based electoral formula (n = 0), where the quota,
Q(n) = 333.33. Now, imagine the following distribution of seats:

Table 2.3: Allocation of seats using the Hare general algorithm
VP

Parties | Votes (V7) ol “4» Tp Seats allocated
A 410 1.23 1 0.23 1
B 350 1.05 1 0.05 1
C 190 057 0 0.57 1
D 30 0.09 0 0.09 0
E 20 0.06 0 0.06 0
Total 1000 3 2 1 3

Table 2.3 shows the distribution of seats for an electoral system
with a quota-based electoral formula, the Hare formula. Given the
distribution of the vote, and the values of the quota and largest re-
mainder, each party receives one seat. The results for the threshold
function for this electoral system are shown in Table 2.4.

In accordance with the general algorithm, i.e. the rule for allo-
cating seats for a given distribution of the vote, it can be seen that
parties A, B and C win one seat each. The results obtained from
the threshold function also anticipate this allocation. Parties A and
B both take more than 25% of the votes and therefore they win at
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Table 2.4: Threshold values for n=0.

Seats (Sa) | V&° V:;Zf
1 0.06 0.25
2 0.40 0.55
3 0.73 0.83

least one seat each. Party B has won 35% of the vote, with the
result that it is impossible for it to obtain 2 seats. The remaining
seat is disputed between parties A and C because the former won
19% of the vote, which gives it a chance of winning a seat, as in
fact would happen in this case. Threshold functions do not allo-
cate seats but refer to the conditions under which each seat can be
obtained. Figure 2.2 illustrates this idea more clearly.

|
|
Seats |
|

—,——
0 0.2 04 Votes 0.6 0.8 1

Figure 2.2: Threshold results for My =3, P;=5and n =0

As noted above, these functions are calculated at district level.
An aggregate form of these functions is required for the purposes
of this research. In the next section I propose such functions.
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2.3 Aggregated Threshold Functions

Seats are allocated according to the number of votes that each party
wins. In other words, the number of seats won by a party in a
district, S, is a function of the number of votes it obtains, V7
given the other parties’ share of the vote. Formally,

fivP—sh (2.20)

We can obtain one possible measure that could be used to char-
acterize electoral systems if we are able to identify the following:

a) The minimum necessary value of V} in order that that S%
M

2

b) The minimum necessary value of VF in order that ST =1

where V£ refers to the total share of votes won by party p in all
the districts, S} refers to the sum of all seats won in each district
by party p and M refers to the size of the parliament.

Once we know these two values, it will be possible to predict,
first, how likely an electoral system is to promote coalition govern-
ments and second, the level of atomization in the parliament. If the
value of V! in case a) is too high then, the likelihood of having a
divided government is greater than with a lower value of V2. The
value of V! in case b) indicates the degree of openness of the elec-
toral system: if V! is too low then we would expect a much more
fragmented parliament than in the case of a higher value of V7.

The value of V! in case b) shows the idea embodied in the
threshold of inclusion. It will be remembered from the first section
that this function tells us the percentage of the vote, required to
obtain the minimum representation. As I also noted above, the
literature shows that each electoral formula has a different threshold
of inclusion (Lijphart and Gibberd 1977, Gallagher 1991, Penadés
2000). It would be desirable, then, to have a unified method to
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calculate the value of fo so that S% equals 1 as well as to calculate
M
the value of V! at which S} equals -

Aggregation means the addition of individual values. As shown
in the previous section, threshold functions are defined at district
level. In order to characterize an electoral system on the basis of the
criteria defined above it would be useful to have a global measure
capable of telling us the best and worst conditions in which a party
will win a given distribution of seats among all districts. Hence a
method of aggregation is necessary in order to identify this measure.
The following notation shows the essentials of this method.

Notation 1 Aggregated threshold functions will be based on both
Vgldec(F, Mg, Py) and Vg:f(F, My, Py) as defined in the previous sec-
tion. The reason for proceeding in this way is that the purpose of
these functions is to make it possible to calculate the intervals of
votes that will define the necessary and sufficient conditions for any
party to win S¥. seats at the aggregate level.

Notation 2 The number of districts, D, is a parameter that must
be taken into account. The number of districts refers to all the con-
stituencies into which the territory is divided. This number ranges
from 1 - the whole country is a unique constituency (e.g.Moldova)-
to the size of the assembly - single member constituencies (e.g.
United Kingdom,).

Notation 3 Since electoral territories are divided into districts, a
vector of size 1lxD can be established. My, is defined as the vec-
tor that contains all district magnitudes in the territory, My =

[Mi, ...., Mp|, where My refers to the size of district d. Also note
D

that ZMd = M, where M refers to the total number of seats in

d=1
the parliament. Whether the territory has a single district, single-

member districts, or more than one tier, seats are won at district
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level'. Hence, we can define another 1xD wvector, S;, this indicat-
ing a particular distribution of seats won in each district. Formally,
this vector is expressed as Sj = [Sgj, ....., Spj], where Sg; indicates
the number of seats won in district d in a particular distribution
of seats, j. Since aggregation is understood as the sum of individ-
ual values, the aggregated value of seats, St, is the sum of all the
elements that form vector S;. So,

D
Sr =Y S (2.21)
d=1
provided that
0 < Sa; <My (2.22)
and
0<Sr<M (2.23)

Notation 4 It should also be noted that two or more particular
combinations of seats, j, k...z, may have the following property:

D D D
> Sy, => Sgy == Sa. =51 (2.24)
d=1 d=1 d=1

In other words, different combinations of seats may produce the
same aggregated number of seats, St .

Notation 5 The total share of votes won by party p, fo, can also
be disaggregated in a 1xD vector compounded by all individual shares
of the vote won in each district. Thus, VP = [VP .. VE], where
Vdp refers to the share of the vote won in district d by party p and

D
VE=Y VP (2.25)
d=1

"In mixed electoral systems, for example of the type used in countries that
choose half of their parliament from single-member districts and half from a
single district, both tiers allocate seats at district level, one district being uni-

nominal, the other one having the size %
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Notation 6 In the light of Notations 3, 4 and 5, electoral formu-
lae are functions that allocate seats according to the share of the
vote won by each party, thus, ¥V VP 3 S?. So, for every particular
distribution of votes among all districts that each party obtains, VP,
there is one and only one particular distribution of seats, S‘;’ which
produces an aggregated number of seats, Sh..

Notation 7 Given that districts may have different magnitudes, a
measure to weigh each district must be incorporated into the func-
tion. A district encompassing more than 50% of the electorate must
have a greater weight in the function that a district encompassing
gust 10% of the voters. This measure is based upon the size of the
parliament, M, and has the following form:

My
Weight = — 2.26
cight = 1 (2.26)
Notation 8 All parties are distributed on a lxP wvector, so that
P= [ 1, 2, .., P ] where P is the total number of parties com-
peting in the whole territory. Since a distinctive feature of any
democracy is electoral competition, then P > 2.

Condition 1 Finally, in this research it is assumed that all dis-
trict magnitudes are commensurate with their voting population.
In other words, magnitudes are designed in line with a ratio be-
tween voters and seat>. Hence this research does not consider the
possibility of any possible unequal distribution of seats to different
territories.

Definition 3 Vg<“(M,My,S;, F, P): Given a particular distribu-
tion of seats S; won in a distribution of districts, My, the size of
the parliament, the electoral formula and the number of competing
parties, V= defines the minimum number of votes that a party
needs to win St seats distributed according to S;. So, if a party

8Bulgaria, Poland or Slovakia are countries where the criterion to distribute
seats according to the population is used.
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expects to win those St seats distributed according to S;, its total
share of the vote must be at least equal to V”ec(M, My, S;, F, P).

Definition 4 V;gf(M, My, S;, F, P): Given a particular distribu-
tion of seats Sj, Vssgf defines the sufficient condition for a party to
obtain St seats distributed according to S; in an electoral system
with a parliament of size M, a distribution of districts,My, an elec-
toral formula F and a number of competing parties, P. To be sure
of wining St seats distributed according to Sj, a party must obtain
a share of the vote higher than V;;f(M, M,, S, F, P).

From definitions 3, and 4 the following conclusions can be in-
ferred:

Conclusion 4 If VE < Vaet(M,Mqg,S;, F, P), then SE < Sy

Note from Notation 4, however, that two or more particular dis-
tributions of seats, S;, Si...S., may produce the same total number
of seats, St. So if VE*(M, My, S, F, P) < VZE, then party p will
fulfill the minimum condition to win St seats.

Conclusion 5 If VI > VSS;Lf(M, My, S;, F, P), then St > St

Conclusion 6 IfVg<«(M,Mg,S;, F,P) < Vp < Vsuf(M, My, S;, F, P),
then max(Sh) = Sr

Mathematically, the aggregated threshold functions can be ex-
pressed as:

D Md
Ve (M, Mg,S;, F, P) :§ M (2.27)
d=1
and
D suf
M V.
Ve (M, My, S, F,P) = dmin{ 94 (2.28)
M Vnec
d=1 Sa+1
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To see how this method works, imagine the following situation.
Country X has a population of 1000 voters and an assembly of
10 members (M = 10) which are unequally distributed in three
districts (D = 3). The unequal distribution is due to the uneven
spread of the population in the country. Each seat has 100 vot-
ers and the first district has a population of 500 voters, hence 5
members of the parliament are elected here (M; = 5). The second
district has a population of 300 so M2 = 3 and the third district the
remaining 200 (M3 = 2). Country X also has five parties (P = 5)
and the electoral formula used to allocate seats is d’Hondt (¢ = 1)

Let us assume now that a party, p, expects to win 5 seats,
SP. = 5. Given the uneven distribution of seats among the three
districts and given that the number of seats that p can win in each
district varies from 0 to My, there are several combinations of seats,
S;, that produce the expected Sg = 5. These combinations are as
follows:

Si=[50 0]
Se=1[4 1 0]
Ss=[4 0 1]
Si=[3 2 0]
Ss=[3 1 1]
Se=[3 0 2]
S;=1[2 3 0]
Ss=1[2 2 1]
So=1[2 1 2]
Sio=[1 3 1]
Su=1[12 2]
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S2=1[0 3 2]

To calculate the aggregated threshold functions for each com-
bination of seats we must first apply the individual threshold func-
tions for each seat in each district. The following two tables provide
this information.

Table 2.5: Necessary votes for each seat in each district
My | Ve, Vg, Vircy Ve, Vi

0.11 0.22 0.33 0.44 0.55

0.142 0.285 0.428

0.166 0.33

N W Ot

Table 2.6: Sufficient votes for each seat in each district
M, Vsst V§:£2 V;ﬂ:; V§:£4 V§:£5

0.166 0.33 0.50 0.66 0.833

0.25 0.50 0.75

0.33 0.66

N W Ot

All this information is required to apply the aggregation method
suggested above. The following two examples will show how this
method works in more detail.

Example 3 V{°(M,My,S;, F, P) and V5" (M, M,,S;, F, P)
for Sy=[5 0 0]

A.- STLT?C(M, My, S;, F, P)

nec 2 My nec ) 3
VST (M’Md’sj’F’P):Zﬁ(Sd>zﬁ*0-55+ﬁ*0+
d=1

2
10 *0=0.275 = 275 voters

B.- V& (M, My, S;, F, P)
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Table 2.7: Necessary votes

Voters | My Sy Vg;ec
500 5 5 0.55
300 3 0 0
200 2 0 0

Table 2.8: Sufficient votes

Voters | My de V‘Sr}dec
500 5) 5 0.833
300 3 0 0
200 2 0 0
2 My 5 3
Ve (M, My,8;,F,P) =Y e (V§:f> = 08334
d=1

2
0+ T * (0 =0.416 = 416 voters

In other words, if party p expects to win 5 seats distributed
according to 51, i.e. winning all the seats in the largest district, it
knows that it must obtain a minimum of 27.5% of the vote. If the
party p wins over 41.6% of the vote, it will obtain at least those 5
seats distributed as S7 .

Example 4 V2°(M,M,,S;, F, P) and V5" (M, M,,S;, F, P)
for Sy = [ 311 ]
A.- ngc(M, Mgy, S;, F, P)

D

M, 5 3
VEe(M,Mg,S;, F, P) = Zﬁd( g‘jﬂ) = 15 * 083+ 5 *
d=1

2
0.142 + T x0.166 = 0.165 4 0.0426 4+ 0.033 = 0.2408 = 240 voters

B.- V&Y (M, My, S;, F, P)
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Table 2.9: Necessary votes

Voters | My Sgj; Véf‘:
500 5 3 0.33

300 3 1 0.142
200 2 1 0.166

Table 2.10: Sufficient votes

Voters | Mg Sg  VEre
500 |5 3 050
300 |3 1 025
200 |2 1 0.33
D 5 3
Vel (M, M, S, F, P) = Zﬁd (ngf) = 15 050 4 = *

d=1
2
0.25 + 0 *0.33 = 0.25 + 0.075 + 0.066 = 0.391 = 391 voters.

The same method is applied to the remaining S; combinations
that produce St = 5. The following table shows the results for all
the combinations.

As Table 2.11 shows, different S; combinations require different
shares of the vote in order to win the same Sp number of seats.
A minimum criterion will be used in order to characterize different
electoral systems. So, min Vg;f’c(M ,My,S;, F, P) will refer to the
minimum share of votes necessary to obtain St seats distributed ac-
cording to a S; combination. Equally, min Vg;‘f (M,Mg,S;,F,P)
will refer to the minimum share of votes sufficient to get St distrib-
uted as S;.

One further observation should be made. The results obtained
for the aggregated threshold functions do not tell us the exact num-
ber of seats that each party will win. As I noted in the previous
section, threshold functions offer the best and the worst conditions
in which a party will obtain a determined number of seats, but they
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Table 2.11: Necessary and sufficient votes for all combinations that
produce 5 seats

S; Viee(M,My,S;,F,P) Vi'!(M,M,,S;,F, P)
5 0 0] 0275 0.416
4 1 0] |0.265 0.408
4 0 1]]0255 0.40
'3 2 0] 0252 0.40
3 0 2710233 0.38
(3 1 1710242 0.391
2 3 0110.239 0.391
(2 2 17 ]0.2287 0.381
2 1 2]]0220 0.375
|1 3 1]]o0217 0.375
1 2 2] 0207 0.366
[0 3 2710.194 0.357

do not allocate seats to each party. As made clear here, the distri-
bution of seats depends on how all the votes cast are distributed
among all the parties, and this, of course, can only be known once
the election has taken place. Threshold functions tell us about the
conditions that allow a determined number of seats to be one in a
specific electoral system.

This measure is nonetheless of considerable importance. Aggre-
gated threshold functions tell us the range of votes that are required
to win 50% of the seats in the parliament or just 1 seat. So, electoral
systems can be characterized in accordance with these values. At a
more practical level, aggregated threshold functions tell politicians
about their chances of winning a determined number of seats in each
district depending on the support they believe they have in the dis-
tricts in question. This information may be extremely important
when designing an electoral system, for example. These functions
would also be of interest to political actors involved in the process
of choosing an electoral systems since they could be used as key ref-
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erences for actors when making rational calculations. A knowledge
of the percentage of the vote needed for, say, each majority-winning
combination of seats in each electoral system would help political
actors to decide which electoral system would give them the best
chance of maximizing their presence in parliament given their real
or estimated level of political support.

2.4 Data validation.

The main purpose of this section is to test the validity of the ag-
gregated threshold functions. The idea here is to check whether
the total share of the vote that produces the total number of seats
won by political parties in a number of countries accords with the
conclusions reached in the previous section. In order to carry out
this test I have analyzed the electoral results obtained by the main
political parties in one or more general elections in a number of
countries. In order to consider as many possibilities as possible,
I have chosen elections held under different electoral systems. In
the case of divisor-based electoral systems, I have analyzed the re-
sults won by the main political parties in the 1979 general election
in Spain, the 1991 and 1994 general elections in Bulgaria and the
1994 general election in Moldova. In order to test the validity of the
aggregated threshold functions in quota-based electoral systems, I
use the results won by the main political parties that participated in
the 1986 general election in Costa Rica, the 1997 general election in
Honduras and the 1999 general election in Benin. Finally, to test
the validity of the functions in the case of majoritarian electoral
systems, I will analyze the results of the 1993 general election in
Canada and the 1997 general election in the United Kingdom. In
total, these amount to 53 observations with sufficient variation to
constitute a fair measure of the predictive capacity of aggregated
threshold functions.

As I will explain in more detail below, the method used to val-
idate the aggregated threshold functions is that described in the
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previous section. For each party there is a vector containing all
votes won in each district and another vector with all the seats
obtained in each district. If we add up all the shares of the vote
won in each district, we obtain the total share of the vote for that
party. The same operation is performed for the vectors for the
seats. On the basis of this information and the remaining variables
for each electoral system, I have applied V§ (M, My, S;, F, P) and

Vggf(M, Mgy, S;, F,P) . As I will also discuss below, in order to
test the functions and for practical reasons, I will use the effec-
tive number of parties’ instead of the total number of competing

parties!?.

The data validation for divisor-based electoral systems is shown
in Table 2.12. As noted above, the countries to which aggregated
threshold functions have been applied are Spain, Bulgaria and
Moldova. These three countries are different from each other.
Whereas Spain and Bulgaria have a large number of districts, 52
and 31 respectively, Moldova has a single district. The results given
in Table 2.12 show how the share of votes won by each party, VX, is
contained in the interval formed by the necessary and the sufficient
number of votes to win the number of seats obtained by each party,
S%.. Formally,

vE e [vaeevel| v sh (2.29)

This idea must, however, be properly understood. What I in-
tend to confirm here are conclusions 4, 5 and 6 referred above.
Recall that conclusion 4 established that

9The effective number of parties, P, can be calculated using the following
formula:

PoY o

where VP is the total share of the vote for party p. This issue is discussed
further in Chapter 4.

10Tt will be assumed that the effective number of parties is the same in all
districts.
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Table 2.12: Results for General Elections in three countries with
divisor-based electoral systems.

Country | Election Party Vi(%) Sp Ve ng;f
Spain 1979 UCD 34.84 168 31.96 41.27
Spain 1979 PSOE 304 121 24.71 30.62
Spain 1979 PCE 10.77 23 533 6.11
Spain 1979 CD 6.05 10 2.04 232
Spain 1979 CiU 2.69 8 1.89 2.14
Spain 1979 PNV 1.65 7 141 1.77
Spain 1979 PSA-PSA 1.81 ) 1.06  1.29
Spain 1979 HB 0.96 3 0.63 0.77
Spain 1979 UN 2.11 1 0.26  0.28
Spain 1979 ERFN 0.69 1 0.26  0.28
Spain 1979 EE 0.48 1 0.20 0.25
Spain 1979 C-UPC 0.33 1 0.19 0.25
Spain 1979 PAR 0.21 1 0.20 0.25

Bulgaria 1991 SDS 34.36 110 33.37 40.92

Bulgaria 1991 BSP 33.14 106 31.36 39.04

Bulgaria 1991 DPS 7.55 24 694 8.76

Bulgaria 1994 BSPASEK 43.50 125 37.88 45.90

Bulgaria 1994 SDS 2423 69 21.75 25.77

Bulgaria 1994 BZNS-DP 6.51 18 574  6.77

Bulgaria 1994 DPS 5.44 15 430 5.37

Bulgaria 1994 BBB 4.73 13 421 491

Moldova 1994 PDAM 43.18 56 41.18 53.33

Moldova 1994 PSMUE 22 28 20.59 26.67

Moldova 1994 BTI 9.21 11 8.09 10.48

Moldova 1994 AFPCD 7.53 9 6.62  8.57

Cases estimated correctly = 100%
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If V2 < V&(M, Mg, S;, F, P),then S& < Sr. (2.30)

Consider the following illustration. Party PNV in the 1979 gen-
eral election in Spain won 7 seats. The necessary proportion of
votes required to win those 7 seats distributed exactly in the way
that PNV won them is 1.41% of the vote at nationa level. Since
PNV won 1.65% that minimun requirement was fulfilled.

Conclusion 5 showed something rather different. Formally,

If V2 > Ve (M, My, S, F, P), then S%. > Sy (2.31)

What this expression indicates is the possibility for a party to
win a higher number of seats when the total share of votes that
it wins is higher than the the sufficient proportion of votes to win
St seats distributed according to a particular combination S;. In
other words, a higher share of vote won by party pmay produce
a different combination of seats that may also produce a higher
number of the original total seats for which V;gf (M,Mg,S;,F,P)
was first applied. Look at information about CiU in Table 2.12.
This party won 2.69% of the national vote and obtained 8 seats.
The proportion of sufficient votes to win those 8 seats distributed
in all districts exactly in the way that CiU won them is 2.14% that
is to say, CiU won a share of vote 0.55% higher than the sufficient
proportion of votes to win those 8 seats. However, CiU could only
won 8 seats at most because given the distribution of those seats
in the districts where they were won, the sufficient proportion of
votes was 2.14%. CiU wasted then those 0.55% of the votes. This
party could have won a different number of total seats if a different
combination of seats were produced.

Finally, conclusion 6 established that,

If VE<(M,My,S;, F,P) < VE<VS (M, M,y,S;, F,P),
then max(S%) = St (2.32)
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This reasoning follows from the discussion just mentioned about
the sufficient proportion of votes. Consider, once more, the elec-
toral results obtained by the bulgarian political party BZNS-DP in
the 1994 election. This party won 6.51% of the national vote and
obtained 18 seats. When aggregated threshold functions are ap-
plied to the combination of seats that produced those 18 seats for
this party it is observed that 5.74% is the necessary proportion of
votes and 6.77% the sufficient proportion. The share of votes won
by BZNS-DP is included in this interval and therefore the maxi-
mum number of seats that can be won are precisely those 18 seats
distributed according to S;.

This logic can also be observed when other electoral systems
are analyzed. Table 2.13 shows data for three different quota-based
electoral systems. The countries included in this table all use the
Hare quota electoral formula, but differ in terms of the number
of districts and size of the assembly. So, whereas Costa Rica had
7 districts and an assembly with 57 members in the 1986 general
election, Benin had 24 districts and an assembly of 84 members for
the 1999 election and Honduras 18 districts which elect a total of 128
seats in the assembly. As in the case of divisor-based systems, the
aggregated threshold values give us an interval in which all shares
of the vote can be located. So, the R.B. party in the 1999 general
election in Benin won 27 seats out of 84 seats with a 22.69% share
of the total vote. Threshold functions predicted that that number
of seats could not be won by a party obtaining less than 21.45% of
the vote.

Finally, Table 2.14 shows the electoral results for two majori-
tarian electoral systems. Information is given for the 1997 general
election in the United Kingdom (UK) and for the 1993 general
election in Canada. The predictions of the aggregated threshold
functions seem to be accurate at least in terms of the necessary
number of votes to win S7 seats. No parties won S{FD seats with a
share of the vote below that predicted by the aggregated threshold
functions.

Aggregated threshold functions seem, therefore, to constitute
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Table 2.13: Results for General Elections in three countries with
quota-based electoral systems
Country  Election  Party Vi (%) Sp Ve VSS;Lf

Costa Rica 1986 LN 47.83 29 43.55 45.93
Costa Rica 1986 USsC 41.44 24 34.78 37.15
Costa Rica 1986 PU 2.70 1 0.71 1.05
Costa Rica 1986 AL 0.32 1 0.71 1.05
Costa Rica 1986 UA 1.15 1 0.71 1.05
Costa Rica 1986 AP 2.43 1 0.71 1.05
Honduras 1997 PL 49.54 65 43.43 45.64
Honduras 1997 PN 41.56 56 35.47 37.82
Honduras 1997 PINU-SD 4.13 4 129 184
Honduras 1997 DC 2.61 2 0.64 0.92
Honduras 1997 UD 2.14 1 0.32 046
Benin 1999 RB 22,69 27 2145 28.27
Benin 1999 PRD 12,17 11  6.61 11.57
Benin 1999 FARD 5,49 10 4.29 9.76
Benin 1999 PSD 9,27 9 6.41 8.84
Benin 1999 MADEP 9,21 6 280 5.62

Cases estimated correctly = 100%
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Table 2.14: Results for General Elections in two majoritarian elec-

toral systems.

Country Election Party VE(%) Sk Ve V;;Lf
U.K. 1997 Labour 43.2 418 19.58  31.71
U.K. 1997 Conservatives  30.6 165 7.72 12.51
U.K. 1997 Lib-Dems 16.7 46 2.15 3.49
U.K. 1997 SNP 2 6 0.28 0.45
U.K. 1997 Uuu 0.83 10 0.46 0.75
U.K. 1997 SDLP 0.61 3 0.14 0.22
U.K. 1997 PC 0.51 4 0.18 0.30

Canada 1993 LP 413 177  15.33 30

Canada 1993 BQ 13.5 54 4.67 9.15

Canada 1993 RP 18.7 52 4.50 8.81

Canada 1993 NDP 6.9 9 0.77 0.33

Canada 1993 PCP 16.0 2 0.17326 0.33

Cases estimated correctly = 100%

a convincing measure through which to characterize electoral sys-
tems. In this chapter, I have described the method that comprise
these functions. In the next chapter I will show the way in which
they should be optimized.



Chapter 3

Optimization of
Threshold Functions

This chapter continues the exploration of aggregated threshold func-
tions. In this sense, it is necessary to consider the implications or
the meanings of both the necessary and sufficient numbers of votes
to win a given number of seats nationwide, Vg, and Vgﬁf respec-
tively. Reasons will be provided to justify the choice of V&= as the
most appropriate measure to be used when characterizing electoral
systems. Once this decision has been justified, the optimization
of this function is the next step. Optimization implies finding the
specific combination of seats that produces the minimum value of
Vg :©. By using the minimum value of the Vg function, we can es-
tablish the lowest point at which a complete electoral system allows
a party to win one, or half of the seats in parliament, that is, the
values used in this characterization. Optimization of V& will be
calculated for both divisor-based and quota-based methods, as well
as for electoral systems with one tier of seat allocation and electoral
systems with two tiers of seat allocation and independent electoral
formulae.

49
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3.1 Necessary or sufficient number of votes?

In the previous chapter threshold functions were discussed both at
individual level and at aggregate level. Threshold functions were
defined for elemental electoral systems. It will be remembered from
the previous chapter that an elemental electoral system comprises
three components: an electoral formula, ¢ or n, a district magni-
tude, My, and the number of competing parties in that district,
P;. At the aggregate level other variables such as assembly size,
the number of districts or the distribution of district magnitudes
must be incorporated in order to estimate the aggregated threshold
functions. To put it simply, aggregated threshold functions deter-
mine the necessary and the sufficient conditions to win a determined
number of seats distributed in accordance with a particular com-
bination of seats for any complete electoral system. On the basis
of the discussion presented in the previous chapter it is possible to
give a full definition of a complete electoral system:

Definition 5 A complete electoral system is made of the following
elements: an electoral formula, ¢ or n, the number of districts into
which the territory is divided, D, a lxD wector with all district
magnitudes, My, the number of seats in the legislative assembly,
M, and finally the number of parties' competing in all the districts,
P.

It should also be remembered that the purpose of defining these
functions at the aggregate level is to elaborate a measure capable
of predicting the necessary and the sufficient conditions to win a
determined number of seats in any complete electoral system. These
functions can, therefore, be used as a measure to characterize any
complete electoral system on the basis of the following criteria:

a) The proportion of total votes required in a complete electoral
systems to win a majority in parliament. Expressed in terms

of a political party, p, a value of V¥ such that S% = 5

Tt is assumed that the number of parties is the same in all districts.
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b) The proportion of total votes required in a complete electoral
systems to win a single seat in parliament. Or expressed in
terms of a political party, p, a value of V£ such that S7 = 1.

However, further conceptual refinement is required in order to
characterize electoral systems in accordance with the above criteria.
More specifically, it must be decided whether to opt for either the
aggregated function of necessary votes or the aggregated function
of sufficient votes.

The choice between these two functions is not just a question of
taste. For any measure to be parsimonious, it must combine sim-
plicity and explanatory power. So, the simpler and the greater the
substantive meaning of any measure, the more parsimonious it will
be. The existence of two measures that offer different, though com-
plementary, results for the same purpose, i.e. the shares of the vote
necessary and sufficient to obtain a determined number of seats in
all districts, would not appear to favour this goal. Hence, it is de-
sirable to choose a single measure which can be used to characterize
any complete electoral system. One possible measure for doing this
could be some sort of average between both functions. Tables 2.12,
2.13 and 2.14 in the previous chapter show the necessary and suffi-
cient proportion of votes to win a total number of seats distributed
according to a particular combination of seat SZ; . As I disscussed
previously, the share of votes to win these seats must lie in the
interval

Vél;C(Ma M, S?a F, P) < le“) < Vg;f(Ma M, S?? F, P) (31)

Also recall that there are cases in which V¥ > Vggf (M, My, S? ,F, P)
and yet party p, obtain St seats distributed according to Sﬁ-’ As T
explained, when this is the case, the difference between these two
shares of votes should be considered as wasted votes by party p,
since to win those St seats distributed according to Sz; , it would

have sufficed to win just Vssgf(M, My, S?, F,P).
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All this may lead us to conclude, then, that one possible mea-
sure could be obtained by finding an intermediate point between the
two extrema values. However this option should be rejected for the
following reasons. The total number of seats won by a party, S%., de-
pends on the votes won, V£, but also on the votes won by the other
competing parties. For this reason there will be cases in which V;
will be closer to V(M Mg, S%, F, P) or to V5" (M, M, S, F, P)
or will simply be in the mid-point between these two value. If we
use a unified measure based on some sort of average, the expected
value would not match the observed value because the latter can
only be known after the elections have taken place. What makes
aggregated threshold functions valuable is their capability to pre-
dict ex ante the bounds within which a determined number of seats
will be won in a specific institutional framework. As already noted,
aggregated threshold values do not tell us the exact share of votes
required to win St seats before the elections take place because
that information can only be obtained once the distribution of all
votes among all parties is known, i.e. once the elections has been
held. It is not necessary, therefore, to use an average measure based
on both aggregated threshold functions.

There is another reason why such a measure would be inap-
propriate. Both V§* and Vssq;f have specific meaning of their own
which that makes them interesting and appealing. ngc refers, as
explained above, to the condition that must be fulfilled in order to
obtain S7 seats, while V;;‘f refers to the sufficient condition to win
those St seats. They are functions that also have a robust sub-
stantive meaning. For example, a party that wins a share of votes
below Vg knows that it will not have a chance of winning those
ST, presuming all other variables remain constant. Remember the
previous discussion of Lijphart’s effective threshold (Lijphart 1994).
This is a measure that is calculated for the sole purpose of fitting
expected values to the observed values. As I argued above, this is an
empirical measure that lacks any substantive meaning. As a result,
it is a measure which does not provide the grounds for conclusive
interpretation. Applying the same logic, an average measure based
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on threshold functions would be meaningless because no substan-
tive explanation could be attached to it. And this is another reason
to reject this kind of measure.

Hence, the only option available is to select either of the ag-
gregated threshold functions. Since both functions have a clear
substantive meaning, the option for one or the other will determine
the flexibility of the classification. If VSS;“I is used as a measure to
characterize a complete electoral system, then a maximal criterion
will be used; on the other hand, if Vg is used for that purpose, a
minimal criterion will be adopted ThlS can be seen mathematically
by observing that V§uf > Vo

ED:M Si—1+c >§D:Md Si=lte ) (5o
=M \Mg+1+Pc—-1)) M \M;—1+ Pc '
Solving for P we find that

P>2 (3.3)

which is always true since by definition P > 2

Using V;;‘f to classify a complete electoral system would mean
using the most extreme value, or the sufficient condition, required
to obtained a particular number of seats, whereas Vg offers the
least extreme value, or the necessary condition, requlred to obtain
that number of seats.

As noted above, In this research, I will use the necessary num-
ber of votes nationwide, V™ to characterize any complete electoral
systems. This decision has been taken for the following reasons.
Firstly, using Vg instead of V;ﬁf means adopting an exclusive
criterion: any party that obtains a share of votes below Vg will
have no chance of obtaining St seats ceteris paribus. ThlS crite-
rion is attractive given that one of the objectives of characterizing
complete electoral systems is to identify the points at which the in-
stitutional framework makes it possible to win a determined number
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M
of seats such as —. Ve, therefore, does not guarantee the share

of the vote required to win Sp seats, but rather establishes the limit
under which S7 will never be won. Secondly, VE“ decreases the

uncertainty about St that is implicit in Vg;f . If a party, p, pursues
St seats distributed according to the vector S; and wins a share of
votes higher than Vg’gf , then p knows for sure that St seats distrib-
uted according to S; will be won; but the party also knows that this
is the minimum number of seats that can be won given their votes.
In other words, there is some uncertainty about the real number
of total seats that p will win, as well as about the distribution of
these. When using V', this uncertainty is reduced in the following
sense: if a party, p, expects to win St seats distributed according
to S;, then p knows that to have a chance of winning exactly this
number of S7 seats distributed according to S;, its share of the
vote has to be greater than Vg:“. Party p knows that its ability to
win these St seats also depends on the other parties’ performance
in the elections, and hence that there is also some degree of un-
certainty about its final result. However this political party, p, can
be certain that if VX > VEe© then its expectations about Sp seats

distributed according to S; will be fulfilled.

3.2 Optimizing Vg for electoral systems with

1 tier of seat allocation.

In the previous section I pointed out that the two criteria used to

characterize any complete electoral system are the values of Vg™

M
that would produce Sp = > and ST = 1. But what exactly are

these values? As shown in the previous chapter, the same total
number of seats, St, can be obtained through different combinations
of seats, S;, S...S; so that,
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D D D
stj = stk =.. = stz = Sr (3.4)
d=1 d=1 d=1

Since these particular combinations of seats produce different
results when the ngc function is applied, which of them should be
used to characterize a complete electoral system? For the purpose
of this research, I will use the combination that produces the min-
imum values that fulfills the above criteria. The reason for doing
so is simple: the adoption of the minimum value that produces,
for example, a majority in the parliament is a sine qua non condi-
tion to win that number of seats. That is to say, if a criterion for
classifying any complete electoral system is to identify the point at
which that complete electoral system makes it possible for a party
to win a parliamentary majority, then the minimum value of Ve
establishes the minimum point that allows that criterion to be met.
Hence, by discovering the particular combination of seats that pro-
duces the minimum number of necessary votes to win a majority in
the parliament a minimum condition is established. Recapitulat-
ing, the value of min V™ will be calculated both for the minimum
share of the vote which a party must win to obtain a majority in
parliament, and the minimum share of the vote which a party must
win to obtain a single seat in each complete electoral system.

In the rest of this section I will focus on electoral systems with
just 1 tier of seat allocation. In these electoral systems, seats are
only allocated at district level, regardless of the number and size
of the districts. In the next section, some ideas about optimizing
V§:© in mixed electoral systems with 2 tiers of seat allocation and
independent electoral formulae will be considered.

3.2.1 Optimizing Vg for Sr = 1.

As noted above, one of the criterion that can be used to characterize
a complete electoral system is the share of the vote required to
obtain the minimum level of parliamentary representation. The
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literature on electoral systems includes an interesting discussion
about the location of this minimum threshold (Lijhart and Gibberd
1977; Taagepera and Shugart 1989; Lijphart 1994; Penadés 2000).
The overwhelming majority of scholars favours using the effective
threshold as presented by Lijphart and Taagepera. As I pointed
out in the previous chapter, this measure suffers from a number of
limitations. One of these is that it only refers to the district level.
Aggregated threshold functions enable us to identify the cost, in
terms of share of the vote, of winning a single seat in different
districts.

Optimizing Vg for Sp = 1 for divisor-based electoral for-
mulae.

The method used to identify the district where 1 seat is won with
the minimum amount of votes is shown in the following theorem.

Theorem 1 Given a complete electoral system with a divisor-based
electoral formula®, ¢, where the seats in the parliament, M, are
distributed unevenly among all districts, the combination of seats
that produce minVge©, S7, for Sp =1 is the one where the seat is

won 1 the smallest district.

Proof. Let CES stands for a complete electoral systems with a
parliament of size M, a number of districts, D, a distribution of dis-

tricts
D

My = [ My, M, ..., Mp ] restricted toZMd = M, anumber

d=1
of parties P and a divisor-based electoral formula, c. Assume that

My < ... < Mp and be any two consecutive district magnitudes
such that

Md+1 = Mg+ Ay (35)

% Assume that ¢ can take only two values, ¢ = 0.5 and ¢ = 1 which correspond
to systems using S#inte-Lague and d’Hondt formulae respectively.
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where Ay > 0 refers to the magnitude difference between M, and
Mgyq.

Let Sp = 1 be assigned to a distribution of seats S} where
the single seat is won in district My. The value of Vg for this
particular distribution of seats is

Md C
M {Md -1+ Pc] (36)

Likewise, let Si be a particular distribution of seats also producing
St = 1 but where the single seat is won in district M,4; instead of

in M,. Using 3.5 we express the value of VS’;‘?C for Sy, as

Mg+ Ay c
M Mg+ Ay;—1+ Pc
For theorem 1 to hold it must be the case that

(3.7)

Ve (M, My, S, ¢, P) > VEr(M,My,S;, ¢, P) (3.8)

So from expressions 3.6 and 3.7 we get

Mg+ A M
d+ Aq c > d (3.9)
M Mg+ Ag—1+4 Pc Myg—1+ Pc
Solving for P the following inequality is obtained
1
pP>- (3.10)
c

When ¢ = 1, P > 1, which is something that is true by definition
and when ¢ = 0.5, P > 2, which is also true since by definition
P > 2. If this is true for any two rank-ordered consecutive dis-
tricts then, by induction, it must be true that S} does produce
min Vgee(M, My, S7, e P) since

Ve (M, Mg, S, ¢, P) > Vgr(M, My, S;, ¢, P) (3.11)
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e

Optimizing V"
mulae.

¢ for St = 1 for quota-based electoral for-

The following theorem shows the district in which min V& for
St = 1 is obtained in a complete electoral system with a quota-
based electoral formula.

Theorem 2 Given a complete electoral system with o quota-based
electoral formula®, n, and where the number of seats in the parlia-
ment, M, is distributed unevenly among all districts, the combina-
tion of seats that produces min Vg©©, S7, for Sp =1 is the following:
a) when n = 1, the seat is won in the smallest district.
b) when n = 0, the district where the seat is won is irrelevant
since the value required to obtain 1 seat is the same in all districts.

Proof . Let CES stand for a complete electoral system with a

parliament of size M, a number of districts, D, a distribution of
D

districts My = [ M, M, .., Mp ] restricted to ZMd =M,

d=1
a number of parties, P and a quota-based electoral formula, n.

Assume that My < ... < Mp and be any two consecutive districts
such that
Mg = Mg+ Ay (3.12)

where Ay > 0 refers to the magnitude difference between My and
M.

Let Sp = 1 be distributed in S} where the single seat is won
in district My. The value of Ve for this particular distribution of
seats is

Mg| ntl ] (3.13)

M [P (Mg +n)
Likewise, let Sy be a particular distribution of seats also producing
St = 1, but where the single seat is won in district Mz, instead

3 Assume that n can only take two values n = 0 and n = 1 which correspond
to the Hare quota and the Droop quota respectively.
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of in My. The value of Vg for Sy is according to 3.12

Mg+ A 1
¢t Od nt (3.14)
M P(Mg+ Ag+n)
For theorem 2 to be true it must be the case that
Ve (M, Mg, Sg,n, P) > Vgi“(M, My, S}, n, P) (3.15)
So from expressions 3.13 and 3.14 we get
Mg+ A 1 M, 1
M P(Md—i-Ad—l—n) Mg+n
This expression can be simplified as
Ag(n®+n)>0 (3.17)
When n =1, then,
2A4 >0 (3.18)

which is always true since the difference between two consecutive
district magnitudes must always be a positive integer. When n = 0,

Ag(n® +n) =0 (3.19)

which is also always true.
Hence, if this is true for any two consecutive rank-ordered dis-
tricts, then by induction

Vgr“(M, Mg, S, ¢, P) = V§i“(M, My, S}, ¢, P) (3.20)

]
Table 3.1 shows results that confirm theorems 1 and 2. So, for
a distribution of districts,

My=[70 15 5 5 5 | (3.21)
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Table 3.1: Combinations of districts and seats for ¢, n, M=100,

D=5 and D=8
M—-100,P -3, D=5and D — 8, S;— 1

My
70 15 5 5 5 c=1 c=05 n=0 n=1
s, S
1 0 0 0O 0.009 0.005 | 0.003 0.0068
01 0 0O 0.008 0.0048 | 0.003 0.0062
0 0 0 0 1 0.007 0.0045 | 0.003 0.005

M,

50 15 15 4 4 4 4 4

Sj
1 0000 00O 0.009 0.005 | 0.003 0.0065
001 0 O0O0O0O0 0.008 0.0048 | 0.003 0.0062
00 00 O0O0OTO0T1 0.0067 0.0044 | 0.003 0.005

it can be seen that the minimum value for Véfc

the seat is won in the smallest district,

is obtained when

S;=[0 00 0 1] (3.22)

which is what theorem 1 and part a) of theorem 2 show.

Note also how for any given distribution of districts the value of
winning 1 seat is always the same for n = 0, regardless of the size
of the district.

M
3.2.2 Optimizing Vg for Sy = > using divisor-based
electoral formulae.

I will now find the optimal distribution of seats that produces

min Vg, Since — is a much larger number than 1, some initial in-

tuitions might be of some help. From Tables 3.2, 3.3 and 3.4 it can
be seen that most of the combinations that produce min V" are
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those where the St seats are primarily won in the smallest districts,

then in middle-size districts and finally in the biggest districts.
One way of seeing why the optimum distribution of seats, S7,

could be located in the smallest districts is by using differential

calculus. From
D

M,
vie =" Md( ee) (3.23)
d=1
the element of that sum for district d is
Md<Sd -1+ C)
M(My—1+ Pc)’

(3.24)

assume that S; = 1, and partial differentiation with respect to
My is taken,
0 Mdc

3.25
OMg M (Mg — 1+ Pc) ( )
Solving this partial derivative the following is obtained:
c 1
— (Pc—1)>0 (3.26)

M (Mg — 1+ Pc)?

The first conclusion to be drawn from this partial derivative is that
the Vg™ curve does not decrease for every point in its domain.
That can be seen in Figure 3.1.

If the curve increases continuously in its domain, it means that
the lowest values of the curve are found in the lowest district mag-
nitudes. So, for Sq = 1, VI increases as the size of My does.
Figure 3.1 illustrates these ideas. The two lines indicate the values
of Vé‘;c when S; = 1 and 1< M; < 100. The solid line shows the
values when ¢ = 1 and the dotted line when ¢ = 0.5. Both curves
show how the lowest value of Vgicis obtained when the size of the
district is small.

On the basis of all these intuitions, the following two theorems
can be defined.
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Figure 3.1: V= for Sy =1, M =100, P = 3, ¢ and My

Theorem 3 Given a complete electoral system with a divisor-based
electoral formula, ¢, where the number of seats in the parliament,
M, is distributed unequally among all districts, the combination of
seats that produces min Vg, S7, for Sp = 5 depends on the value
of c.

a) If c = 1, then the combination of seats that produces min Vs, 83,
is one in which the St seats are all distributed in small districts.
More specifically, seats will be distributed filling up first the smallest
districts, then the second smallest district and so on until the total
number of St is reached.

b) For ¢ = 0.5 the combination of seats that produces min VErse, S;f
is one in which S must be distributed among all districts in My,
Seats are distributed as in a), with the smallest districts being filled
until completed, and then filling up bigger districts. However, none
of these bigger districts can be without representation. Bigger dis-
tricts must have at least 1 seat each.

Proof of a). Let CES stands for a complete electoral systems with
a parliament of size M, a number of districts, D, a distribution of
districts My = [ My, M, .., Mp ] , a number of parties, P, and
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Table 3.2: Combinations of districts and seats for ¢, M=100 and
D=5

M =100, P=3, D=5, S;= 50

My
20 20 20 20 20 c=1 c=0.5
S; Veri© Vere

0 0 10 20 20 0.4545 | 0.4732
1 1 8 20 20 0.4545 | 0.4634
10 10 10 10 10 | 0.4545 | 0.4634

M,
70 15 5 5 5
Sj
50 0 0 0 O 0.4861 | 0.4915
35 15 0 0 O 0.4726 | 0.4829
20 15 5 5 5 0.4339 | 0.4567
Mp
50 20 20 5 5

S;
50 00 00 0.4808 | 0.4901
1 19 20 5 5 0.4356 | 0.4575
0 20 20 5 5 0.4351 | 0.4623

a divisor-based electoral formula?, ¢. Assume that My < ... < Mp
D

restricted to Z My = M. District magnitudes are rank-ordered, so
d=1

two consecutive districts can be expressed as

Mgy = Mg+ Aq (3.27)

where Ay > 0 refers to the magnitude of the difference between My
and Mgy1.

* Assume that ¢ can only take two values ¢ = 0.5 and ¢ = 1 which corresponds
to the Sdinte-Lague and d "Hondt formular respectively.
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Table 3.3: Combinations of districts and seats for ¢, M=100 and

D=8
M =100, P—3, D=8, S;— 50
My
13 13 13 13 12 12 12 12 c=1 c=10.5
s, Vi [ vEe
13 13 13 11 0 0 0 O 0.4333 | 0.4622
1 1 1 1 10 12 12 12 0.4290 | 0.4417
00 0 2 12 12 12 12 0.4288 | 0.4560
M,
50 15 15 4 4 4 4 4
S;
50 0 0 0 OO OO 0.4808 | 0.4901
1 14 15 4 4 4 4 4 0.3988 | 0.4315
0 15 15 4 4 4 4 4 0.3980 | 0.4362
M,
20 20 20 20 5 5 5 5
S;
20 20 10 0 0 0 0O O 0.4545 | 0.4732
1 1 8 20 5 5 5 5 0.4156 | 0.4368
0 0 10 20 5 5 5 5 0.4156 | 0.4456

Suppose there is a distribution of seats S;‘» that produces a total
number of seats St. S;f is a lzD vector that shows the number of
seats that a party, p € P, wins in each district. In this particular
distribution of seats, Sy seats are won in district M;. Remember

that
Do
V§ee(M, Mgy, S}, e, P) = > ﬁd e
d=1

So the necessary number of votes to win Sy seats is

% Sqg—1+¢c
M |Mj;—1+ Pc

(3.28)

(3.29)
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Table 3.4: Combinations of districts and seats for ¢, M=100 and
D=20

M =100, P — 3, D — 20, S;= 50
M,
5055555554111111111111 c=1 c=0.5
S, vae [ v
5000000000000000000000 0.4808 | 0.4901
14555555411111111111 0.3158 0.35
0555555541111 11111111 0.3133 | 0.3541
M,
2020131211332222211111111
S;
20201000000000000000000 0.4503 | 0.4720
1111211332222211111111 0.3354 | 0.3549
0031211332222211111111 0.3346 | 0.3644

Now suppose that there is another distribution of seats Sy that
also produces the same total number of seats, Sp. In this new dis-
tribution S; — 1 seats are won in district My and 1 seat is won in
district Myy1. Using expression 3.27 the necessary number of votes
to win S seats is

% (Sd—l)—l—i—c Mg+ Ay c (330)
M Md—1+PC M Md—‘rAd—l—i-PC ’
For Theorem 3 to be true the following must hold
Ve (M, My, S, ¢, P) > Vi (M, My, S;, ¢, P) (3.31)

Using expressions 3.27, 3.29 and 3.30, expression 3.31 can be sim-
plified as
Mgc+ Age > My
Md—‘rAd—l—‘rPC - Md—1+PC

(3.32)
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If c =1, then

Mg+ Ay M,
Mg+Ayg—1+P ~ My—1+P

(3.33)

Solving for P
P>1 (3.34)

which is always true by definition. So by induction it can be said
that S} produce min VE™(M, D, S, c, P) since

VI°(M, My, Sk, ¢, P) > V&e(M, M, S%, c, P) (3.35)

|

Proof of b). Let CES stands for a complete electoral systems
with a parliament of size M, a number of districts, D, a distribution
of districts My = [ My, My ..., Mp ] , a number of parties, P

and a divisor-based electoral formula, c. Assume that My; < ... <
D

Mp restricted to Z Mg = M. Since district magnitudes are rank-

d=1
ordered two consecutive districts can be expressed as

Mg = Mg+ Aqg (3.36)

where A > 0 refers to the magnitude difference between M, and
Mgy

Suppose there is a distribution of seats Sy that produces a total
number of seats S7. Si is a 1xD vector that shows the number of
seats that a party, p € P, wins in each district. In this distribution
Sg seats are won in district My. The necessary number of votes to
win these S; seats is

Md[ Sqg—1+c ] (3.37)

M | My —1+ Pc

Now suppose that there is another distribution of seat S} that
also produces the same total number of seats, S, In this new dis-
tribution S; — 1 seats are won in district My and 1 seat is won in
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district Myy1. Using expression 3.36 the necessary number of votes
to win these Sy seats is

% (Sd—l)—1+c Mg+ Ay c

M Md—1+PC M Md—‘rAd—l—l-PC

(3.38)

For part b) of theorem 3 to be true the following must hold
VEre(M, My, S, ¢, P) > Vi (M, My, S;, ¢, P) (3.39)

Using expressions 3.36, 3.37 and 3.38, expression 3.39 can be sim-

plified as
My > Mgec+ Aye

3.40
Myg—14Pc ™ Mg+A;—1+ Pc ( )
When ¢ = 0.5, then
2M, > Mg+ Ay (3.41)
2Mg—2+P — 2(Myg+Ay) —2+ P
If P = 2, expression 3.41 produces
M, Mg+ A
—d d + Bd (3.42)

My, — Q(Md + Ad)

which is always true. This inequality holds for P > 2 as required.

If this is true for any two consecutive rank-ordered districts,
t.hen, by induction it can be said that S} produce min Vg<“(M, D, S, ¢, P)
since

Ve (M, My, S, ¢, P) > Vgr«(M, My, S;, ¢, P) (3.43)

]
Theorem 3 offers us the method to be used to find the combina-

tion of seats that produces the minimum value of Vg for Sp = —-.

Let us consider a number of examples that serve to illustrate these
conclusions. As Table 3.2 shows, for a distribution of districts,

Mg=[50 20 20 5 5 | (3.44)
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the combination of seats, S, that produces min Vgee(M, Mg, S7, e P)

forc=11is

Si=[0 20 20 5 5| (3.45)

however, when ¢ = 0.5 the combination of seats, S;f, that pro-
duces
min stfc(M, My, S7, ¢, P) is

Si=[119 20 5 5] (3.46)

Note how a variation of just 1 in seats in vectors 3.46 and 3.45
produces a different combination of seats that result in the lowest
value of Vgr:© in each S} depending on the value of ¢. The result is
logical and coherent, since in more proportional electoral systems
the cost of winning the first seat is lower. One more example shows
this relationship. Imagine the following distribution of districts

from Table 3.4

My;=1[2020131211332222211111111] (3.47)
For ¢ = 1, the combination of seats, S;-‘, that produces
min Vgee(M, My, S, ¢, P) is
8;2[0031211332222211111111] (3.48)
which is exactly what theorem 3 a) says. For ¢ = 0.5 the com-
bination of seats, S;, that produces min ngTec(M, My, S;-‘, ¢, P) is
S;=[1111211332222211111111] (3.49)

A result that,again, is explained by theorem 3 b).
Theorem 3 refers to the case in which the district magnitudes
are unequal. Do the same conclusions hold as in the case in systems
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in which district magnitudes are equal? What is the combination of
seats, S¥, that produces min Vé‘;C(M , My, S7, c, P)? The following
theorem casts some light on these questions.

Theorem 4 Given a complete electoral system where the number
of seats in the parliament, M, is distributed evenly, i.e. Mg = Mp

M
for all My € My, then for St = > the following is true:

a) The value of VEr© is the same for all possible combinations
of seats that produce St when ¢ = 1.

b) However, if ¢ = 0.5, then, the value of Vgree is the same for
all possible combinations of seats that produce St if all seats are
distributed among all districts, Sy > 0 for all Sj € Si. In other
words, all particular combinations of seats that do not include a
seat in any of the districts produce a higher value of |7

Proof of a). Again, let CES stand for a complete electoral
systems with a parliament of size M, a number of districts, D, a

distribution of districts My = [ My, M, .., Mp |, a number

of parties, P, and a divisor-based electoral formula, c¢. Assume that
D

M, < ... < Mp restricted to ZMd = M. District magnitudes are
d=1

rank-ordered, so two consecutive districts can be expressed as
Mg = Mg+ Ay (3.50)

where Ay > 0 refers to the magnitude difference between M, and
Mgii.

Suppose there is a distribution of seats S;’f that produces a total
number of seats Sy. S;‘f is a 1z D vector that shows the number of
seats that a party, p € P, wins in each district. Assume that St
are distributed evenly between all the equal size districts. In other
words, each element of the vector S} is equal, S; = ... = 5,. The
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value of V*¢(M, My, S7, e P) for this distribution is the following:

D
. > 83— D+ De
M, My |2
Ve (M, My, S, ¢, P) = ﬁd VEee) = ﬁd d_]lw 11 Pe
d=1 d
i (3.51)

And the necessary number of votes to win Sy seats is

]\Jd[ Sd—1+c] (3.52)
M |Mg—1+ Pc

Now suppose another distribution of seats, Sg, that also pro-
duces the same total number of seats, Sp In this new distribution
S4—1 seats are won in district My and 1 seat is won in district Mg41.
The necessary number of votes to win Sy seats in this distribution
is

J\@[(Sdl)lwtc} Md+Ad[ c

M Md—l—l-PC M Md+Ad—1+P0:| (353)

Since all districts have the same magnitude, Ag = 0. So the
expression 3.53 can be simplified as

Sqg—24 2c ] (3.54>

M [Md -1+ Pc
For part a) of theorem 4 to hold true it must be the case that
Ve (M, My, S5, ¢, P) = Vg (M, Mg, S, ¢, P) (3.55)

Using expressions 3.50, 3.52 and 3.54, expression 3.55 can be sim-
plified to
Si—2+4+2c=5;3—14c¢ (3.56)

and solving for ¢
c=1 (3.57)
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as required. If this is true for any two consecutive rank-ordered dis-
tricts, then, by induction it must also be true that that S;-‘ produces
min VE*(M, D, S}, ¢, P) since

VES(M, Mg, Sy, ¢, P) > V&*¢(M, My, S, ¢, P) (3.58)

]
Proof of b). This proof has two parts. The first part serves to
prove that any combination of seats where Sj = 0 for any Sj € Sj
produces a higher value of Vg". In the second part of the proof it is
shown that as in case a) of theorem 4 when ¢ = 0.5 all combinations
of seats where S; > 0 for all 5; € S} produce the same value for
Ve

Let CES stands for a complete electoral systems with a par-
liament of size M, a number of districts, D, a distribution of dis-

tricts My = [ My, M, .., Mp ] , a number of parties P and a

divisor-based electoral formula, ¢. Assume that My < ... < Mp re-
D

stricted to Z My = M. Since district magnitudes are rank-ordered,
d=1

two consecutive districts can be expressed as
Mgy = Mg+ Aq (3.59)

where Ay > 0 refers to the magnitude difference between M, and
Mgyq.

Suppose there is a distribution of seats Sy that produces a total
number of seats Sp. Sy is a 1o D vector that shows the number of
seats that a party, p € P, wins in each district. In this distribution
Sy seats are won in district My. Remember that

D
M,
—dypec (3.60)

V,S@;C(Mv My, Sk, ¢, P) = M Sy

d=1
So the necessary number of votes to win Sy seats is

]\4(1{ Sqi—1+c¢ ]

_— .61
M | Mg—1+ Pc (3.61)
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Now suppose that there is another distribution of seat S} that
also produce the same total number of seats, S In this new dis-
tribution, S; — 1 seats are won in district My and 1 seat is won in
district Mgy1. Using expression 3.59 above, the necessary number
of votes to win Sy seats is

% (Sd_l)_1+c Md+Ad c (362)
M | My—1+ Pc M Mg+ Ay —1+ Pc '

To prove part b) of theorem the following must hold

Myl Sg—1+c¢ >Md (Sqg—1)—1+c] Mg+ Ay c
M[Md—1+Pc]_M[ Md—l—i—Pc} M [Md+Ad—1+Pc
(3.63)
Since all district magnitudes are the same, Ay = 0, so expression
3.63 can be simplified as

Sqg—14+c¢c>85;—2+2¢c (3.64)

Solving for ¢
1>c¢ (3.65)

which is always true since ¢ = 0.5.

For the second part of this proof, suppose now that there is a
distribution of seats Sy that produces a total number of seats Sy.
In this distribution Sz — 1 seats are allocated in district My and 1
seat is allocated in district My41. The necessary number of votes
to win Sy seats is

% (Sd—l)—1+c Mg+ Ay c
M Mg—1+4 Pc M Mg+ Ag— 1+ Pc

} (3.66)

Suppose now another distribution of seats, S;, that also produces
St. In this distribution, Sy — 2 seats are allocated in district My
and 2 seats are allocated in district My41. The necessary number
of votes to win S, seats is

% (Sd*Q)*leC Md+Ad 1+¢
M Md—l—l-PC M Md‘l‘Ad—l—l-PC

} (3.67)
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If part b) of theorem 4 holds, the following must be true,
Ve ¢(M, My, S, ¢, P) = Vgr(M, My, S;, ¢, P) (3.68)

Since all district magnitudes are equal, A; = 0 and from ex-
pressions 3.66 and 3.67, expression 3.68 above can be simplified
as

Sy— 242 =85—2+2 (3.69)

as stated by part b) of theorem 4.
If this proof holds for any two consecutive rank-ordered districts,

then by induction it can be said that when ¢ = 0.5 the minimum

value of Vg™ is obtained in any combination of seats, S7, where

Sa>0forall S, €St m ’

As in the case of theorem 3, some examples may help clarify
the method illustrated in theorem 4. From Table 3.2 the following
even distribution of districts is offered,

Mg=1[20 20 20 20 20 | (3.70)
Note, how the value of Vé"‘;c(M, My, S;, ¢, P) for

St=[0 0 10 20 20 | (3.71)

is the same as for

Si=1[10 10 10 10 10 | (3.72)

when ¢ = 1. However, when ¢ = 0.5 the value of Vg for 3.71 is
higher than the value of Vg for 3.72. But note how the following
two distributions produce the same value of Vg when ¢ = 0.5.

Si=[11 8 20 20] (3.73)
and

S¥=[10 10 10 10 10 | (3.74)
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The examples provided for theorems 3 and 4 help to explain the
methods used to identify the combination of seats that produces
min Vg for any complete electoral system with a divisor-based
electoral. Next, I consider complete electoral systems using quota-
based electoral formulae.

M
3.2.3 Optimizing Vg for Sr = - using quota-based

electoral formulae.

As I briefly explained in the previous chapter, quota-based electoral
formulae use a fixed quota of votes which is obtained using M. It
should also be remembered that the number of full quotas achieved
by each political party amounts to the number of seats that they
get plus one more seat if their remainder is among the largest ones.
Taking this into consideration, it is necessary to establish which is
the combination of seats, S;», that produces min Vg in complete
electoral systems using quota-based methods. The following tables
provide information that suggests some initial intuitions about the
combinations of seat which may produce, S7.

Tables 3.5, 3.6 and 3.7 show that for quota-based electoral for-
mula the combination of seats that produces min Vg’fc,S}f, is the
same as for a complete electoral system with a divisor-based elec-
toral formula, ¢ = 0.5. The following theorems explain the methods
used to find S}'f for complete electoral systems with quota-based
electoral formulae.

Theorem 5 Given a complete electoral system with a parliament
of size M, a number of districts, D, an unequal distribution of
districts My, a number of parties P and a quota-based electoral
formula®, n, the combination of seats that produces min VS”;C, S;,
is one in which St must be distributed among all districts in My.
Seats are distributed by first filling up the smallest districts until
completed and then filling up the larger districts. However, none of

® Assume that n can only take two values n = 0 and n = 1 which correspond
to the Hare quota and the Droop quota respectively.



Optimization of Threshold Functions/ 75

Table 3.5: Combinations of districts and seats for n, M=100 and
D=5

M =100, P=3, D=5, S;= 50

My
20 20 20 20 20 n=0 n=1
S; Ve Vere
0O 0 10 20 20 0.48 0.4667

1 1 10 19 19 0.4667 | 0.4603
10 10 10 10 10 | 0.4667 | 0.4603

M,
70 15 5 5 5
Sj
50 0 0 0 O 0.4933 | 0.4897
35 15 0 0 O 0.4867 | 0.4793
20 15 5 5 5 0.4667 | 0.4481
Mp
50 20 20 5 5

S;
50 00 00 0.4933 | 0.4869
1 19 20 5 5 0.4667 | 0.4494
0 20 20 5 5 0.4733 | 0.4524

these larger districts can have no representation. Larger districts
must have at least 1 seat each.

Proof. Let CES stand for a complete electoral system with a parlia-

ment of size M, a number of districts, D, a distribution of districts
D

M, = [ My, M, .., Mp ] restricted to ZMd = M, a num-

d=1
ber of parties P and a quota-based electoral formula n. Assume

that My < ... < Mp and be any two consecutive districts such that

Mgy1 = Mg+ Ay (3.75)
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Table 3.6: Combinations of districts and seats for n, M=100 and
D=8

M =100, P=3, D=8, S;= 50

My
13 13 13 13 12 12 12 12 n=>0 n=1
S; Ve Vere
13 13 13 11 0 0 0 O 0.4733 | 0.4519

1 111 10 12 12 12 0.4467 | 0.4371
0 0 0 2 12 12 12 12 0.4667 | 0.4462

M,
50 15 15 4 4 4 4 4
S;
50 0 0 0O OO OO 0.4933 | 0.4869
1 14 15 4 4 4 4 4 0.4467 | 0.4188
0 15 15 4 4 4 4 4 0.4533 | 0.4217
M,
20 20 20 20 5 5 5 5
S;
20 20 10 0 0 0 O O 0.48 0.467
1 1 8 20 5 5 5 5 0.4467 | 0.4286
0 0 10 20 5 5 5 5 0.46 0.4349

where Ay > 0 refers to the magnitude difference between My and
Md+1-

Let St be distributed in S; where S; seats are won in district
Mj. The value of Vg © for this particular distribution of seats is

Mg | P(Sq—1 1

M P (My+n)

Likewise, let S;- be a particular distribution of seats also pro-
ducing St but where S; — 1 seats are won in district My and 1 seat
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Table 3.7: Combinations of districts and seats for n, M=100 and

D=20
M =100, P — 3, D — 20, S;= 50
My
5055555554111111111111 n=1 n=1
S, Vo | v
0.4933 | 0.4869

J
5000000000000000000000
14555555411111111111 0.3667 | 0.3364
055555554111 111111111 0.3733 | 0.3382
My

2020131211332222211111111
S.
0.48 0.4644

J
20201000000000000000000
1111211332222211111111 0.3367 | 0.3466
0031211332222211111111 0.38 0.3525

is won in district Mg, 1. The value of of stfc for S;-‘ is

Mg+ Ay n+1
3.77
:| M |:P(Md+Ad+n) ( )

% P(Sg—2)+n+1
M P(Mg+n)

For theorem 5 to hold true the following must hold
(3.78)

VST’L;C(Mv My, Sk, P, 'I'L) > Vg;C(Ma My, S;,P, TL)

Simplifying expressions 3.76 and 3.77 we obtain
Mg+n— Mg+Azg+n ’

When n = 0, then expression 3.79 above is reduced to

MaP _ Mg+ Ay
> 3.80
My — Mg+ Ay ( )

Solving for P
P>1 (3.81)
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which is always true since by definition P > 2
When n = 1 and multiplying both terms of 3.79 by %

M,P > Mg+ A

3.82
2(Mg+1) — Mg+ A+1 ( )
Assume that Mo+ A
d ~
Mg+A+1" (3.83)
then AP
d
— >1 3.84
Q(Md + 1) - ( )
Solving for P
2Mg +2
P> .
= (3.85)

Note that in this proof S; > 1. If M; = 1, then S; — 1 = 0 which
runs against the assumption of this proof. If My = 2,then P > 3
and when My > 3, P < 3. So if My > 3, then, no matter the
number of parties and by induction,

VEee(M, Mg, Sy, Pyn) > V&““(M, Mg, S5, P,n) (3.86)

]

The following two examples will illustrate the method explained
in theorem 5. The complete electoral system described in Table 3.5
shows the following distribution of districts,

Mg=[70 15 5 5 5| (3.87)

when n = 0 and n = 1, the distribution of seats that produces

min Ve, is

S;j=[20 15 5 5 5] (3.88)

which is consistent with what theorem 5 says. In this distrib-
ution, seats are distributed according to a bottom-up criterion. In
other words, seats are first allocated in the smallest districts, and
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allocation in the biggest district only occurs if all intermediate dis-
tricts are completely filled up. In this case and only in this, the
remaining seats that are still required to reach the total number of
seat, S, 20 for S; in 3.88, are allocated to the biggest district.
Table 3.7 shows an example that summarizes the basic idea of
theorem 5. Let the following be the distribution of districts,

My=[b05555555411111111111] (3.89)

the combination of seats that produces min V=, is

M;=1[14555555411111111111] (3.90)

Note here how all districts must have at least one seat, but
always following the bottom-up criterion.

The examples provided here refer only to those systems with
districts of different sizes. The following theorem illustrates the
method used to find the combination of seats that produces min Ve
when all districts have the same size.

Theorem 6 Given a complete electoral system with a quota-based
electoral formula where the number of seats in the parliament are
distributed evenly, i.e. My = Mp for all My € My, then, the
value of Vg<© is the same for all possible combinations of seats that
produce St if all seats are distributed among all districts, S; > 0
for all 53 € S%. In other words, all particular combinations of seats
that do not include a seat in any of the districts produce a higher
value of Vg<e.

Proof. Let CES stands for a complete electoral system with a
parliament of size M, a number of districts, D, a distribution of dis-

tricts
D

M, = [ My, My ..., Mp ] restricted to ZMd = M, a num-

d=1
ber of parties P and a quota-based electoral formula, n. Assume
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that My < ... < Mp and be any two consecutive districts such that
Mgi1 = Mg+ Ay (3.91)

where Ay > 0 refers to the magnitude of the difference between My
and Md+1-

Let St be distributed in the 12D vector S; where S, seats are
won in district My. The value of ngfc for this particular distribution
of seats is

My [P(Sd— 1) +n+ 1] (392)

M P(Mg+n)
Likewise, if S;'f is another particular distribution of seats also pro-

ducing St but where S; — 1 seats are won in district My and 1 seat
is won in district Myy1. The value of of Veree for S;f is

% P(Sd—2)+n+1] Md—i-Ad{ n+1 :| (3.93)
M P (Mg+n) M P(Mg+ Ag+n) '

According to theorem 6 the following must be true
Ve (M, My, Sy, P,n) > Vg “(M, My, S, P,n) (3.94)

Since all district magnitudes are the same, Ay = 0. Using expres-
sions 3.92 and 3.93, expression 3.94 above can be reduced to

PSg—1)+n+1>P(Sqg—2)+2n+2 (3.95)
Solving for P
P>n+1 (3.96)
So, when n =0
P>1 (3.97)

which is true by definition.
When n =1
P>2 (3.98)
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which is also true by definition since P > 2. If this holds for any
two consecutive rank-ordered districts, then by induction it must
also be true that that S} produce min V{“(M, My, S, ¢, P) since

VE°e(M, My, Sk, n, P) > VE°(M, My, S5, n, P) (3.99)

]

Examples to illustrate this theorem can be taken from Table 3.5.
The complete electoral system described there offers the following
distribution of districts,

Mg=[20 20 20 20 20 | (3.100)

See the following 2 distributions of seats.

S;=[10 10 10 10 10 ] (3.101)

and

Se=[11 10 19 19 | (3.102)

As theorem 6 explains we find that those combinations of seats
where all districts have at least 1 seat have the same value in Ve,
However, note that for the following distribution

S;=[20 20 10 0 O] (3.103)

this is not true and the value of Vg;c for this distribution of
seats is higher than for 3.101 and 3.102.

3.3 Optimizing Vg™ for mixed electoral sys-
tems with 2 tiers and independent elec-
toral formulae.

Put simply, mixed electoral systems are systems which employ more
than one electoral formula. Normally they consist of a combination
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of majoritarian and proportional formulae.®. They usually com-
prise two or more tiers of seat allocation. Mixed electoral systems
can be classified into two subtypes: dependent and independent
mixed electoral systems (Golder 2005; Massicotte and Blais 1999;
Shugart and Wattenberg 2001). Dependent mixed electoral systems
are those in which the application of one electoral formula depends
on the results obtained from the other formula. The classic example
of this type of dependent mixed electoral system is the one used in
Germany. Independent mixed electoral systems are those in which
the allocation of seats in the different tiers are not connected. In
other words, the outcome resulting from the application of the first
electoral formula does not affect the outcome of the second formula.
In the lower tier, seats are allocated in accordance with the share
of votes won by each party. In the upper tier, seats are allocated
without regard for the seats won by each party in the lower tier.
Examples of mixed electoral systems with independent electoral for-
mulae are those used in Russia or Ukraine for their last legislative
elections.

As I will show later in Chapter 7, for the purpose of this research
the only mixed electoral systems that will be taken into consider-
ation are those with two or more independent electoral formulae.
Since threshold functions are applied ex ante elections take place,
dependent mixed electoral systems cannot be classified because the
allocation in one of the tiers depends on how parties perform in the
election itself. Threshold functions can be applied, though, to those
electoral systems where allocation in tiers are independent.

As already mentioned, independent electoral systems normally
comprise two tiers. In the case of the first electoral tier a certain
number of seats are awarded in single-member districts. In the
case of the second electoral tier, the remaining seats are distributed
in a single district, nation-wide, and allocated using some propor-
tional representation electoral formula. When this is the case, these

®A much more detailed account of the typology and functioning of these
electoral systems is provided in Chapter 7.
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electoral systems can be characterized according to the criterion
M . .
Sr = - using the following steps.
Step 1) Tier 1
Let us define M7 as the number of seats that are to be distrib-

uted in Tier 1. Since it is assumed that M, = 1, function Ve has
the following form

1
Vom = pare N St1 (3.104)

St1 refers to the total number of seats that need to be won in
Tier 1 in order to obtain Sp seats with the minimum number of
votes.

Step 2) Tier 2

Let us define Mpo as the number of seats that are to be dis-
tributed in Tier 2 and S79 the number of seats that must be won

in Tier 2 in order to win St with the minimum number of votes.
Then,

Sto—1+c
nec — 1
Vst Mpy — 1+ Pc (3.105)

Solving for Sta,

St9 = VSnEC(MTQ -1+ PC) +1—c (3.106)

T2

Since V" = Vg,,, the previous expression can be transformed
into

1
PMnm

St9 = STl(MTQ -1+ PC) +1-—c¢ (3.107)

M
For Sp = —, the combination of seats that produces the min VZ'¢¢
2 St

can be found by solving the following equation,
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1

St9 = 7ST1(MT2 —1 —I—PC) +1—c
P MTlM (3.108)
St1+ St2 = 5
Solving for S71, we obtain the following
PMpi(M +2¢c—2
St1 = integer ri(M+2¢=2) (3.109)

Q(MTlp 4+ Mpy — 1+ PC)
So, the combination of seats, S;, that produces min Vg™ is
S¥=15r Sra |
In cases where the second tier has a quota-based electoral for-
mula, the procedure is the following:

Step 1) Tier 1

Let us define M7 as the number of seats that are to be distrib-
uted in Tier 1. Since My =1,
1

nglflc - %S’I‘l (3110)

St1 refers to the total number of seats that must be won in Tier
1 in order to obtain S7 with the minimum number of votes.

Step 2) Tier 2

Let us define Mp5 as the number of seats that are to be distrib-
uted in Tier 2 and Spo as the number of seats that must be won

in Tier 2 in order to win St with the minimum number of votes.
Then,

ynee — P(STg—l)—i-l—i-n
Sr2 P(MT2+n)

Since Vg;‘ff = Vs,,, the previous expression can be transformed

(3.111)

to
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 VEeP(Mpa )+ P—1—n

Sto = > (3.112)
which can be simplified to
P(M PMpi(P—1-—
Sy = Z1PMr2 ¥ 1) P M ") (3.113)

P2Mp

M
For St = 5 the combination of seats that produces the min Vg

can be discovered by solving the following equation,

STlp(MT2 + TL) + PMTl(P —1— n)

Ste = 5
v P2Mr (3.114)
St1+ Sr2 = -
Solving for St1, we obtain the following
PMp [PM —2(P —1—
St1 = integer 71| ( n)] (3.115)

2 [P(MTQ +n)+ PQMTl]

Again, the combination of seats, S;-‘, that produces min Vg is
Sy=1[Sr1 Sra ]

The following example illustrates the application of this method.
Imagine a country with a parliament of 150, M = 150, which is
elected in two tiers. In the first tier, 100 seats are chosen in a
single-member district, Mp; = 100. In the second tier, a single
district with the remaining 50 seats, M2, is ruled by the divisor-
based d’Hondt electoral formula, ¢ = 1. The number of competing
parties in this election is 4, P = 4. This information allows us to
calculate the number of seats in both tiers that produces min V.
Using expression 3.109 above we get,

PMyi(M + 2c — 2)
(MTlp + Mpy — 1+ PC)

St1 = integer 5 = 66 (3.116)
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and from here we can obtain the value for Sto

St2 = M Sr1=9 (3.117)

2
So, the combination of seats that produces min Vg, 5%, is

[ 66 9 ] , which must be read as the seats that must be won in
the first tier and the seats that are won in the second tier.

If tier 2 allocates its seats using a quota-based electoral formula
such as the Hare formula, n = 0, expression 3.115 must be used.

So,

PMypy [PM —2(P — 1 —n)]

S71 = integer = 66 3.118
mn S T2 [P(Mra + n) + P2Mpy) (3.118)
and the value for Spo
M
Sto = -5 St1=9 (3.119)
So, the combination of seats that produces min Vg, Sj is also

66 9 |.
[ Havir]lg elaborated a method to optimize aggregated threshold
functions, I will now apply them to all electoral systems used be-
tween 1945 and 2000. First, however, I will present the data and
methodological procedures used to perform these operations.



Chapter 4

Considerations about
data and methodology

This chapter describes the data that I will use to characterize any
complete electoral system. In the first section, I outline the criteria
used to select the data. I also introduce the variables that will be
used to calculate the values of V. In the second section, I provide
an alternative method to apply when one of the variables such as
the distribution of seats between all districts, M, is missing. This
alternative method is based on a proxy function inspired in the orig-
inal threshold function and is based on different assumptions about
the combination of seats that produces min Vg, This function
must be seen simply as a practical solution to the problems posed
by those cases in which this particular data is missing. Finally, I
discuss the issue and importance of the legal threshold.

4.1 Data.

The data used in this research has been drawn from Golder (2005).
For his research on presidential and parliamentary elections, Golder
uses the Alvarez, Cheibub, Limongi and Przeworski (2000) dataset
(ACLP) as a template for his own dataset. The same procedure

87
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is used here. Golder’s dataset is used as a template to build the
dataset needed to characterize electoral systems. The unit of analy-
sis for this new dataset are the electoral systems used in elections
to the lower house in each country.

Three criteria have been used to select each observation. The
first is a temporal one. The election must have occurred between
1945 and 2000. Secondly, I have applied a political criterion. The
electoral system must have been used in a election occurred in a pe-
riod of democracy. A democratic period is defined as one in which
two or more political parties compete periodically for office or as
Przeworski defines "democracy is a system in which parties lose
elections" (Przeworski 1991;2000). Finally, an institutional crite-
rion has been used. Only those electoral systems that allow the
application of aggregated threshold functions have been chosen. As
noted above, aggregated threshold functions apply a method to cal-
culate ex ante, i.e. without taking into account any election results,
the number of votes required to win a given number of seats. In this
sense, and as I will show in more detail in the chapters that follow,
some mixed electoral systems and some winner-takes-all electoral
systems, for example, cannot be classified precisely because of their
dependence on actual election results.

In total, 595 parliamentary elections meet these three criteria.
These elections are distributed among 102 countries and involved
the use of 184 different electoral systems. Table 4.1 provides the list
of all countries distributed geographically, giving the total number
of elections and total number of electoral systems used between
1945 and 2000.



Data and Methodology/ 89

Table 4.1: Countries by region

Number of Number of
Region elections  electoral systems

Sub-Saharan Africa
Benin
Cape Verde
Central African Republic
Comoros
Congo
Ghana,
Madagascar
Malawi
Mali
Namibia
Niger
Nigeria
Sao Tome and Principe
Sierra Leone
Somalia
Sudan
Uganda
Zambia

DO DN WWERDNDDNDDNDNDDNDEFEWNDDNDNDW
o= DN =N W R DNNDNRFRDNDRF =N W

South Asia
Bangladesh 3
India 12
Nepal 3
Pakistan 5
Sri Lanka 10
East Asia
Japan
Mongolia
South Korea
Taiwan

W =N

_ Ot W N
— W N -
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Table 4.1: Countries by region (cont.)

Number of Number of
Region elections  electoral systems
South East Asia
Indonesia 1 1
Myanmar 2 2
Philippines 8 2
Thailand 7 2
Pacific Islands-Oceania
Kiribati 6 1
Marshall Islands 3 1
Micronesia 5 2
New Zealand 17 2
Palau 2 1
Papua New Guinnea 5 1
Solomon Islands 4 2
Middle East-North Africa
Israel 15 3
Lebanon 7 2
Turkey 9 2
Latin America

Argentina 14 6
Bolivia 5 3
Brazil 10 4
Chile 9 3
Colombia 10 2
Costa Rica 13 2
Dominican Republic 9 4
Ecuador 15 3
El Salvador 6 2
Guatemala 14 5
Honduras 6 1
Nicaragua 1 1
Panama 8 3
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Table 4.1: Countries by region (cont.)

Region

Number of
elections

Number of
electoral systems

Latin America
Peru
Uruguay
Venezuela

[\]

3
2
2

Non-hispanic America

Antigua
The Bahamas
Barbados
Belize
Canada
Dominica
Grenada,
Guyana
Haiti
Jamaica
St. Kitts and Nevis
St. Lucia
St. Vincent
Surinam
Trinidad and Tobago
United States

ok oosoonww oo 5w oo s

e e i Tl e e T e e T T e S S Sy =

Eastern Europe
Albania
Armenia
Bulgaria
Croatia
Kyrgyztan
Latvia
Lithuania
Macedonia
Moldova

N W WN W NN

=N FEDNDWND NN
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Table 4.1: Countries by region (cont.)

Number of

Number of

Region elections  electoral systems
Eastern Europe
Poland 3 2
Russia 3 1
Slovak Republic 1 1
Ukraine 2 2
Western Europe
Andorra 2 1
Finland 15 2
France 12 4
Greece 2 2
Iceland 5 1
Liechtenstein 2 1
Luxemburg 10 4
Netherlands 16 2
Norway 10 3
Portugal 9 2
San Marino 2 1
Spain 8 1
Sweden 7 2
Switzerland 14 2
United Kingdom 14 1
Total 595 184

By electoral system I mean a complete electoral system. It will
be remembered from the previous chapter that a complete electoral
system comprises the following elements: an electoral formula, ¢ or
n, the number of districts in which the country is divided, D, a
laxD vector with all district magnitudes, My, the number of seats
in the legislative assembly, M, and finally the number of parties
competing in all districts, P. In accordance with this definition the
criteria that have been used to differentiate between two different



Data and Methodology/ 93

complete electoral systems are:

2)

A change of the electoral formula, ¢ or n. This may also in-
clude a modification in the number of tiers used to allocate
seats.

A change in the number of districts into which the country is
divided, D.

A change in the number of seats in the legislative assembly.
A change is considered to have taken place when there has
been a change of 20% in the size of M (Lijphart 1994; Golder
2005).

Finally, it should also be noted that the electoral system es-
tablished after a period of dictatorship is also considered to
be a new electoral system.

The following examples illustrate how these criteria have been
applied:

a)

The systems used in the elections in Israel in 1969 and in 1973
are treated as different electoral systems because in 1969 a
quota-based electoral formula was used, whereas in the 1973
election, a divisor-based electoral formula was implemented.
In El Salvador, the 1988 election adopted an electoral system
based on 1 tier of seat allocation whereas in the 1991 election
a 2 tier of seat allocation system was employed.

The electoral system used in the 1995 elections in Benin is
considered to be different to that used in the 1999 election
because the number of districts was different; whereas in the
1995 election the seats were distributed among 18 districts,
in the 1999 election this number rose to 24.

In the 1958 election in Brazil 326 members were elected to
parliament. In the following election in 1962 that number
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increased to 404 members. This change in the size of parlia-
ment is treated here as constituting a change in the electoral
system.

d) Even though the electoral system used in the 1971 election
in Uruguay was the same as that used in the 1989 election,
these 2 electoral systems are treated as different because of
the dictatorship that existed between those two elections.

When more than one electoral system has been used in a coun-
try in the period under consideration, this is indicated in the data
by the use of ordinals. So Argentinal and Argentina2 refer to 2 dif-
ferent complete electoral systems that have been used in the same
country. Table 4.2 shows the total number of elections and electoral
systems found for each of the different types of electoral system.
This table shows that winner-takes-all electoral systems and pro-
portional representation electoral systems have been used for about
the same number of elections. Winner-takes-all electoral systems
have been used for 264 elections whereas 261 elections occurred un-
der proportional representation electoral systems. The number of
countries using these electoral systems is also about the same. More
specifically, 50 countries have used majoritarian methods whereas
47 have used proportional representation during the period between
1945 and 2000. Multi-tier and mixed electoral systems have been
used in 6 and 23 countries respectively.

Table 4.2: Number of elections and electoral systems
Type of Electoral System Elections Electoral Systems

Winner-takes-all 264 69
P.R.-Divisors 170 45
P.R.-Quota 91 34
Multi-Tier 25 9
Mixed 45 27

Total 595 184
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A number of further conclusions can be drawn from Table 4.2.
It suggests, for example, some conclusions about the stability of
electoral systems. Winner-takes-all electoral systems show greater
institutional stability, as can be seen from the fact that the ratio
between the total number of these electoral systems and the total
elections held under them is just 0.26. Proportional representation
show greater instability,as this ratio is 0.30. However, it can be
seen that divisor-based electoral systems, with a ratio of 0.26, pro-
duce more stable electoral systems than quota-based, 0.37. Greater
instability appears to characterize multi-tier and mixed electoral
systems. The ratio for multi-tier electoral systems is 0.36, a figure
which rises to 0.60 in the case of mixed-electoral systems.

Finally, a few words about the number of parties, P. As I noted
in previous chapters, the total number of competing parties is as-
sumed to be the same in all the districts. However, for the purposes
of this research I use the effective number of parties as defined by
Taagepera and Shugart instead of the total number of competing
parties. The effective number of parties is defined as the "number
of hypothetical equal-sized parties that would have the same effect
on fractionalization of the party system as have the actual parties
of varying sizes."(Taagepera and Shugart 1989:79). The following
examples will illustrate this idea more clearly.

Imagine a complete electoral system where there are 4 parties,
P= [ A B C D ] Suppose the following distribution of votes
in all districts for these between these parties, V.

Table 4.3: Effective Number of Parties
Parties

Vv, A B C D
0.48 0.47 0.04 0.01
0.46 027 0.22 0.05
0.34 0.33 0.18 0.15
0.25 025 0.25 0.25

=W N =

Although the number of parties is the same in all the distribu-
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tions, it can be seen that in distribution 1 there are two large parties
that take practically all the votes cast, 95%, while in distribution
4 there are four parties of equal strength. Can we maintain that
the number of parties in both distributions is effectively the same?
Taagepera and Shugart suggest that we should take each party’s
electoral strength into account. This is the idea behind the concept
of effective number of parties which is operationalised as follows,

po_ 1 (4.1)

> (V)

where V7 is the share of total votes won by party p.

Applying this formula, it can be seen that the number of effec-
tive parties in distribution 1 is 2.15 which is quite consistent with
the bipartidism that results from the distribution of votes among
all parties. Compare this distribution of votes with distributions 3
or 4. The distribution of votes 3 produces an effective number of
parties of 3.57 which indicates that all votes are distributed among
approximately 3 similar sized parties. Finally, in the distribution
of votes 4 the effective number of parties is 4, since all parties have
exactly the same share of the vote.

In this research the total number of competing parties, P, will re-
fer to the effective number of parties. I am aware that these are two
distinct concepts. As shown here, the effective number of parties
is in fact calculated on the basis of a given distribution of the vote
among all parties. That might be problematic when incorporated
into the aggregated threshold functions since that distribution of
votes may be different to the distribution of the vote assumed here
when applying the functions. Strictly speaking, if the distribution
of the vote assumed when applying the aggregated functions were
taken into account, then the effective number of parties would have
a different value. However, the use of the effective number of parties
as defined here can be defended on the grounds that it constitutes
the best possible proxy for the number of parties that have a chance
of winning representation in each district. In other words, it is the



Data and Methodology/ 97

best approximation to the number of parties actually competing for
the seats at stake. Moreover, the use of this measure makes it pos-
sible to reflect the importance of the real weight of political parties.
Another argument that could be made against the use of the effec-
tive number of parties is that the real weight of a political party
cannot be known until after the election has taken place. This is a
very reasonable objection and could undermine the emphasis that
this research project places on developing a measure that can be
applied without taking actual election results into account. While
this may be true, it is also the case that the effective number of
parties can be estimated approximately before elections actually
take place. Polls and surveys provide useful information that give
us perfectly valid estimates of the number of effective parties that
can be used to calculate aggregated threshold functions.

4.2 Methodology.

4.2.1 Procedures used in cases with complete data.

In Chapter 2, I outlined a method that can be used to calculate the
necessary number of votes to win any number of seats. I also offered
some theorems that demonstrated how to optimize this method in
order to find out the value that will be used to characterize any
complete electoral system. This value, as I also explained there, is
obtained by applying the function to calculate the necessary number
of votes to a particular combination of seats. In this section I offer
two examples that I hope will clarify the procedure used to classify
an electoral system. The examples used in this sub-section con-
tain all the information required to apply the aggregated threshold
function with complete data. In the next sub-section, I will outline
a different procedure for those cases in which all the data is not
available.

Let us consider first cases in which complete data is available.
Take, for example, the electoral system used in Bolivia for the 1993
elections. In these elections, 130 deputies were elected from 9 dis-
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Table 4.4: Distributions of districts for the 1993 elections in Bolivia
Districts M,

La Paz 28
Potosi 19
Cochabamba 18
Santa Cruz 17
Chuquisaca 13

Oruro 10
Beni 9
Tarija 9
Pando 7
Total 130

tricts, and a divisor-based electoral formula was used. More specif-
ically, the formula used was the Sainte-Lagiie formula (¢ = 0.5) and
the number of parties competing in these 9 districts was P = 4.66.
Table 4.4 shows the districts into which the country was divided.

The vector containing the distribution of districts can be ob-
tained from Table 4.4 . This vector is as follows:

My =[28191817 13109 9 7] (4.2)

According to theorem 3 for ¢ = 0.5the combination of seats that

M
produces min V* when Sp = —- is one in which the total number

of seats, S, must be distributed among all districts in vector My.
Seats are distributed first in the smallest districts. Once all the
seats in the smallest districts have been assigned, the seats in the
larger districts are then distributed. However, none of these larger
districts can be left without representation. Larger districts must
have at least 1 seat each. In the 1993 elections in Bolivia, S = 65
and following this theorem the vector of seats producing min Ve
would be,

Sg=[11114131099 7 (4.3)
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Vector S; indicates the number of seats that must be won in each
district in order to obtain min Vé;?c Hence, in La Paz, the largest
district, just 1 seat must be won but in Pando, where 7 seats are
contested, all of them must be won. Vectors My and consequently
S are, therefore, two vital pieces of information to correctly apply
the aggregated threshold function in order to calculate the necessary
number of votes to win St seats. It will be remembered that,

D
Md(Sd—1+c)
nec: 44
Ver ;M(Md—l—l—Pc) (44)

Applying the rest of the variables, the following result is obtained,

VI = 0.4148 (4.5)

A share of 41.48% of the vote is the minimum number of votes that
was necessary to win S = 65 in the 1993 election in Bolivia. The
example provided here refers to a divisor-based electoral formula.
When a quota-based electoral formula is used, the method used
follows the same procedure as the one shown here.

4.2.2 Procedure used in cases with missing data.

In this sub-section, I outline the method used to calculate aggre-
gated thresholds when district data is missing. The methodology
explained here is based on some assumptions that may contradict
some of the theorems proposed in the previous chapter. However,
I will also explain the justification for taking this approach, as well
as show the strong positive correlations between the aggregated
threshold values estimated with Vg and the values obtained by
using a proxy function. These arguments and findings provide the
ultimate justification for using this method in cases of missing data.
Four types of electoral systems have been mentioned so far:
winner-takes-all, proportional representation, divisor-based and quota-
based, multi-tier and mixed electoral systems. The functioning and
the particularities of each of these types of electoral system are
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explained in the chapters that follow. As I showed above, when
applying aggregated threshold functions it is necessary to have in-
formation about the number of districts, D, as well as about the
distribution of seats among these districts, M. This information is
particularly important in plurinominal districts. When information
about the distribution of seats among all districts is missing, aggre-
gated threshold values for divisor-based electoral systems' can be
calculated using the following proxy function
g S lte (4.6)
M —1+4 Pc
where M and S refers to the average district magnitude and average
number of seats respectively.
Average district magnitude is a common measure used in elec-
toral studies. It is calculated by dividing the total number of seats
by the total number of districts. Formally,

—~ M
M="— 4.
5 (4.7)

The average seats is a measure that standardizes the number of
seats in accordance with the value of M. It is calculated as follows,

MSy
M

So, if ST = % from expressions 4.6, 4.7 and 4.8 we obtain the
following,

§:

(4.8)

ﬁ?c— M+2D(C—1)
S 2(M + D(Pc - 1))

(4.9)

When St = 1, then expression 4.6 is as follows

! As in the case of systems with complete data, the example provided here
refers to a complete electoral system with a divisor-based electoral formula.
However, the same logic and procedure must be followed when the electoral
formula is based on a quota.
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= 1- D(c—1)
ST M + D(Pc—1)

The use of this approach in cases where the district data is
missing obliges us to think again about the distributions of seats
that produce the minimum value of Ve As shown in the theorems
above, in most cases these distributions were based on Sp r_seats
distributed in the smaller districts. This is not the case when Vs
used, since this new function assumes the equal distribution of seats
among all districts. This is so because all the information about
the distribution of district is summarized in the average district
magnitude, which is a single value and the seats won constitute a
determined share of this value.

In order to illustrate this idea, let us assume that we do not
have data on the distribution of districts, M, for the 1993 election
in Bolivia. In accordance with the procedure followed in cases of
missing data, the average magnitude must be calculated in order to
apply this proxy function. In the case of this example, the value of
this magnitude is,

(4.10)

—

M =14.44 (4.11)
Consequently, the standardized number of seats is,

S =722 (4.12)
On the basis of this result we can apply the expression 4.6, which
gives us the following result:

g = 51T 061 (4.13)

M -1+ Pc
This method for handling cases with missing data produces
logical distortions between the values obtained using aggregated
threshold functions and the proxy function. As Table 4.5 shows
for quota-based electoral systems, the distortion produced is 0.007,

an average difference of about 0.7% between the value obtained
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using the aggregated threshold function and the proxy function.
For divisor-based electoral systems, the data shown in Table 4.6
reveals that the average distortion between the value using aggre-
gated threshold function and the proxy function is 0.02 which is a
difference of 2% in both values.

Table 4.5: Missing data results for quota-based electoral systems
Country  Year Vg~ Ve

Benin 1995 0.3786 0.3012
Benin 1999 0.3715 0.2873
Brazil 1947  0.4445 0.4445
Brazil 1998  0.4548 0.4538

Colombia 1974 0.4249 0.4244
Colombia 1978 0.4299 0.4295
Israel 1955 0.493 0.4929
Israel 1959  0.4933 0.4932
Luxembourg 1989 0.4248 0.4331
Luxembourg 1994 0.4248 0.4330

District data is missing for 17 of the countries in the dataset used
for this analysis. This means that a total of 38 elections cannot be
characterized using aggregated threshold functions in accordance
with the theorems shown above. These countries are listed in Table
4.7
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Table 4.6: Missing data results for divisor-based electoral systems
Country Year S 1757?
Argentina 1983 0.3993 0.4332
Argentina 1985 0.2549 0.3100

Bolivia 1993 0.4148 0.4261
Bulgaria 1991 0.3331 0.3563
Bulgaria 1994  0.343 0.3668

Chile 1961 0.2101 0.2455

Finland 1948 0.3614 0.3866

Finland 1951 0.3674 0.3852
Spain 1982  0.3436 0.3776
Spain 1986  0.3237 0.3604

Table 4.7: Countries with missing district data

Election Number of Average

Country Year Districts District
Argentina 1963 23 8.35
Argentina 1965 23 4.17
Argentina 1973 24 10.13
Benin 1991 6 10.67
Cape Verde 1991 25 3.16
Cape Verde 1995 19 3.79
Chile 1949 28 5.25
Chile 1953 28 5.25
Chile 1957 28 5.25
Chile 1965 29 5.25
Chile 1969 60 5.36
Chile 1973 60 5.24
France 1946 102 5.33
France 1986 96 5.79
Guatemala 1966 22 2.50

Guatemala 1970 22 2.50
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Table 4.7: Countries with missing district data (cont.)

Election Number of Average

Country Year Districts District
Indonesia 1999 27 17.11
Liechtenstein 1993 2 12.5
Liechtenstein 1997 2 12.5
Panama 1960 10 5.3
Peru 1962 24 7.58
Peru 1963 24 5.79
Portugal 1976 22 12.95
San Marino 1993 10 6
San Marino 1998 10 6
Sao Tome and Principe 1991 7 7.86
Sao Tome and Principe 1994 7 7.86
Sao Tome and Principe 1998 7 7.86
Somalia 1964 47 2.62
Turkey 1961 67 6.72
Turkey 1969 67 6.72
Turkey 1973 67 6.72
Turkey 1977 67 6.72
Turkey 1983 83 5.42
Turkey 1999 84 6.55
Venezuela 1947 23 4.78
Venezuela 2000 24 6.88

In order to test the predictive capacity of this proxy, I compared
the results obtained by applying the aggregated threshold functions
in those cases where all data is available with the results obtained in
the same cases but using the proxy function above. The following
table shows these results for Sp = % and St = 1.

Table 4.8 shows how both the aggregated threshold function and
the proxy functions works very well for Sy = % The correlation
is 0.967. The same cannot be said for S = 1. In this case, the

correlation is very low, » = 0.211. The reasons for this difference lie
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Table 4.8: Correlation values for aggregated threshold values and
their proxy

— —
V’nec nec
Sr= % Sr=1

2

Ve, | NA. o021

Vi<, | 0967  NA.

in the structure of the function itself and, above all, the value of c.
When ¢ = 0.5 (Sainte-Lagiie formula) very low results are obtained.

o —

In any event, the values of both Vg, and VEre, constitute special
cases that will be considered in much more detail in the following
section. These values represent the institutionally-determined con-
ditions to win a single seat, but legislators may also introduce legal
barriers to prevent the entry of minor parties into parliament./_A\s,
I will show later, when this is the case the values of Vg™, or Vg,
may not be of interest. To sum up, when district data is missing
a proxy function will be used to calculate the minimum number of

M
votes required to win St = 3 seats. However, when St = 1, then,

aggregated threshold functions will only be used for those cases in
which data is available.

4.3 The importance of legal thresholds.

One of the criteria used to classify electoral systems is the minimum
number of votes needed to win a single seat in the parliament in
question. This measure can be of great importance for testing the
degree of accessibility of the electoral system to small parties. The
lower the minimum number of votes required to win one seat, the
more permissive the electoral system and the greater the number
of small parties that may be present in the parliament. On the
contrary, if the barrier to winning a single seat is high, then the
electoral system is more exclusive and therefore the presence of
small parties in the parliament is rare.



106/ Aggregated Threshold Functions.

The presence of a large number of political parties in parlia-
ment may be associated with the idea of the broad representation
of citizens’ political preferences. However, political instability may
also result from the existence of too many parties with a voice in
the decision-making process. As Lupia and Strgm affirm, "cabinet
coalitions in multiparty parliamentary democracies lead a precari-
ous existence" (Lupia and Strgm 1995: 648). When the parliament
is highly fragmented, so too normally is the government. The sta-
bility of the cabinet depends on the support of its partners, and
discrepancies between these may end in parliament being dissolved
and early elections (King et al.1990). It is for this reason that many
electoral systems establish a hurdle that every party must get over
in order to win a seat. These mechanisms are adopted when elec-
toral systems make it possible to win seats with relatively few votes.
In such cases, but not only these, we often find that legal thresholds
are established. The minimum number of votes necessary to win 1
seat calculated using the aggregated threshold function may, there-
fore, be meaningless when legal thresholds of this type exist. If the
legal threshold is higher than the value predicted by the aggregated
threshold function, then any party must win at least the proportion
of votes established by that legal threshold in order to win at least
1 seat.

Table 4.9: Legal thresholds and aggregated threshold values for 1

seat in 8 democracies at national level
Country Year Tier Tp (%) Vg,(%)

Bulgaria 1991 National 4% 0.23%
Bulgaria 1994  National 4% 0.24%
Bulgaria 1997 National 4% 0.27%
Israel 1977 National 1% 0.8%
Israel 1988  National 1% 0.8%
Moldova, 1998  National 4% 0.9%
Netherlands 1998 National 1% 0.9%

Netherlands 1946 National 0.67% 0.64%
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Tables 4.9 and 4.10 illustrate the contrast between the institu-
tional response resulting from the electoral system and the barrier
the legal threshold constitutes to obtaining political representation.
All the electoral systems shown in these tables are P.R. electoral
systems with one tier of seat allocation, though the same reasoning
can be extended to other types of electoral system. Table 4.9 refers
to those legal thresholds that apply at national level. In these cases,
a political party must obtain the minimum proportion of the vote
nationwide established by this threshold in order to win political
representation. By way of example, Table 4.9 shows 8 democracies
in which national legal thresholds apply. The difference between the
aggregated threshold value and the legal threshold is quite consider-
able in the case of Bulgaria and less dramatic in the cases of Israel,
Moldova and The Netherlands. One reason for these differences is
that whereas Bulgaria has 31 districts the other countries have a
single district. In accordance with theorem 1 above, the minimum
number of votes necessary to win 1 seat is obtained when the seat is
won in the smallest district. In the case of Bulgaria, the magnitude
of this district is 4. In contrast, in the case of Israel this magnitude
is 150, in that of Moldova it is 104 and in The Netherlands it is 100
in the 1946 election and 150 in the 1998 election. District magni-
tude and legal threshold are, therefore connected. At the national
level, the legal threshold is really effective when the magnitude of
the district is very small as in the case of Bulgaria. However, if the
magnitude of the district is as big as in the case of The Netherlands
in 1998, where 150 deputies were elected in a single district, then
the legal threshold established and the aggregated threshold value
necessary to win 1 seat is very close.

Table 4.10 shows those cases where legal thresholds apply at
district level. In these cases a party must win at least the minimum
percentage of the vote established by this threshold in at least 1
district in order to win political representation. Two countries of
the sample have district-level legal thresholds: Spain and Latvia.
These cases are very revealing in that they show the very differ-
ent impact of the legal barrier. In the case of Spain, the minimum
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Table 4.10: Legal thresholds and aggregated threshold values for 1

seat in 5 democracies at district level
Country Year Tier T, (%) V&L, (%)

Latvia 1993  District 4% 2.2%
Latvia 1995 District 4% 2.1%
Latvia 1998  District 4% 2.2%
Spain 1977  District 3% 23.31%
Spain 2000 District 3% 33.44%

number of votes necessary to win 1 seat is found in the smallest
districts, namely Ceuta and Melilla, which are both uninominal
districts. The threshold value necessary to win 1 seat in these two
districts were 23.31% in the 1977 election and 33.44% in the 2000
election. The legal threshold in Spain is 3%. In Latvia, the situ-
ation is very different. The territory is divided into 5 districts of
equal size, each of which consists of 20 seats and has a legal thresh-
old of 4%. The threshold values necessary to win 1 seat were 2.2%,
2.1% and 2.2% for the 1993, 1995 and 1998 elections respectively.
Whereas in the Spanish case the legal threshold has no effect when
the magnitude of the district is so small, in the Latvian case the
legal threshold does in practice establish the minimum number of
votes that a party must obtain in order to win political representa-
tion. In fact, as Ramirez has noted, the effect of the legal thresh-
old in the Spanish electoral system is only effective in the largest
districts, such as Madrid and Barcelona which both send around
30 deputies to Congress. (Ramirez 1997; see also Taagepera and
Shugart 1989:133).

The main conclusion of this discussion is that aggregated thresh-
old values for ST = 1 must be treated with caution precisely because
they do not take the effect of legal thresholds into account. Aggre-
gated threshold values are only relevant insofar as they are lower
than the value of the legal threshold. Otherwise, the share of votes
established by the legal barrier will be the determinant value to find
out the point at which the first seat can be won.
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Up to this point, I have been describing a method to characterize
electoral systems. In the first chapter, I introduced the idea of
aggregated threshold functions. In the Chapter 2, I introduced 6
theorems that optimize these functions. Finally, I have presented
the data required to apply this function as well as some examples
that show the way in which electoral systems will be classified.

The remaining chapters will deal strictly with the task of char-
acterizing all the electoral systems in the dataset. I will begin
with winner-takes-all electoral systems, then I will continue with
divisor- and quota-based P.R. electoral systems. Finally, multi-tier
and mixed member electoral systems will be characterized.



110/ Aggregated Threshold Functions.



Chapter 5

Characterizing
Winner-takes-all
Electoral Systems

In the following three chapters [ apply the method outlined in Chap-
ter 4 to characterize electoral systems. The main purpose of the fol-
lowing pages is to execute the method described above, and thereby
locate each electoral system on a continuum. This continuum will
show the points at which each complete electoral system allows a
party to obtain a parliamentary majority, on the one hand, and
the minimum representation in that chamber, on the other. In this
chapter attention will be paid to winner-takes-all electoral systems.
In order to locate this analysis, I will first describe the different
types of electoral formulae, namely plurality and majority, that
form part of the winner-takes-all family of electoral systems. The
difference between these two types of winner-takes-all systems lies
in whether a seat is won with a plurality of the votes or with a
majority of them. Once this family of electoral systems has been
discussed, I will explain which of them can be characterized using
aggregated threshold functions. Finally, I will introduce aggregated
threshold values for countries that have used winner-takes-all elec-

111
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toral systems between 1945-2000.

5.1 Types of winner-takes-all electoral sys-
tems

Two different types of electoral formulae can be distinguished within
winner-takes-all electoral systems. On the one hand, there are elec-
toral systems based on a majoritarian electoral formula. On the
other hand, there are those electoral systems based on a plurality
electoral formula. The main difference between these two types of
system lies in the way in which seats are won. Under the plurality
electoral formula, seats are won when a party obtains a plurality of
the vote. This means that the winner must obtain more votes, no
matter the number, than any of their competitors. On the contrary,
under a majoritarian electoral formula the winner must obtain the
majority of the votes cast. That means that the winner must win
at least 50% of the vote (Reynolds and Reilly 1997; Farrell 2001).
The paradigmatic example of an electoral system with a plu-
rality electoral formula is the system known as First-Past-the-Post
(FPTP). This is also the most simple and straightforward type of
electoral system. In these, the country is usually divided into as
many constituencies as seats there are in the Parliament. Hence
each constituency or district is uninominal. The winner of the seat
in any given constituency is the party or candidate that wins the
largest number votes in that district. To give an extreme example,
imagine there are Voters-1 parties competing in a single member
district. Under this electoral system a seat could be won with 2
votes if all other parties obtained just 1 vote. FPTP is the most
widely used winner-takes-all electoral system in the world. Between
1945 and 2000, 39 countries adopted FPTP and a total of 232 elec-
tions were held under this electoral system. The countries using
FPTP include the United Kingdom, the United States of Amer-
ica and Canada. In general, most of the former British colonies
adopted this electoral formula after they won independence.
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There are two variations to FPTP. They are the Block Vote
(BV) and the Party Block (PB) formulae. They work in exactly
the same way as FPTP but they are applied to multimember as
opposed to single member districts. Under the Block Vote formula,
voters have as many votes as seats to be filled and they can use
them freely to vote for individual candidates regardless of party af-
filiation. The electoral systems used in Laos in 1955 or in Mongolia
in 1992 applied the BV electoral formula. The Party Block (PB)
formula works in a very similar fashion to FPTP. In this, voters
must choose between party lists of candidates rather then individ-
uals. The party that obtains a plurality of the votes wins all the
seats in the district and its entire list of candidates is elected. As
Reynolds and Reilly points out (1997) the PB electoral formula pro-
duces a "super-majoritarian" electoral system. Lebanon used this
PB electoral formula for its general elections between 1953-1974.

There are two different types of majoritarian formula: the Al-
ternative Vote (AV) and the Two Round Systems (TRS). Electoral
systems that use the AV majoritarian formula are also based on
single member districts (SMDs). The main difference with FPTP
lies in the way in which voters actually cast their vote. Whereas
the FPTP ballot is cardinal, the AV ballot is ordinal. This means
that under the AV system, rather than indicating their preferred
candidate, voters rank the candidates in order of preference. For
example, if 4 parties compete in a constituency, voters mark with
a "1" their first preference party, they mark with "2" their second
preference, and so on until the total number of competing parties
are marked. Candidates obtaining over 50% of the vote are auto-
matically elected. If none of the candidates wins that share of the
vote, then the candidate with the lowest number of first preference
ticks on the ballot paper is eliminated and his or her ballots are
examined for their second preference. The process is repeated until
one of the candidates obtains the majority of the votes. The dis-
tinctive feature of the Alternative Vote formula is that it enables
voters to express their preferences rather than simply express their
first choice. It is for this reason that this formula is also known
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as Preferential Voting (PV). Australia is the country that has used
this electoral formula most continuously.

The Two Round System is the second type of majoritarian for-
mula that is applied in SMDs. This type of formula is also known
as the Run-off or Double-ballot. It is a very simple procedure. In
the first of the two rounds of voting, if a candidate wins over 50%
of the vote then, he or she is automatically elected. If none of the
candidates wins that share of the vote, then a second round of vot-
ing takes place and the candidate who obtains a plurality of the
vote is elected. Eleven countries have used this electoral formula
between 1945 and 2000. France is probably the place where this
method has been applied most extensively, albeit in presidential
rather than parliamentary elections (Golder 2005).

Scholars do not coincide when it comes to classifying three other
electoral formulae as plurality-majority or proportional represen-
tation electoral formulae. The electoral formulae in question are
rarely used and hence will not receive much attention here. Accord-
ing to Reynolds and Reilly (1997) the Limited Vote (LV), the Cu-
mulative Vote (CV) and the Single Non-Transferable Vote (SNTV)
electoral formulae are semi-proportional methods. Others scholars
such as Golder (2005) and Farrell (2001) consider that these meth-
ods in fact belong to the majority-plurality family. The common
feature these three types of electoral formulae share is that they are
applied to multi-member districts. Under the Limited Vote system
voters have fewer votes than the number of seats to be filled. The
most direct consequence of this is that it reduces the probability
that a large party will have its full list of candidates elected. The
Limited Vote is used in elections to the Spanish Senate and it was
also used in the general elections in Argentina between 1946-1950
and then again between 1958 and 1962. The Cumulative Vote for-
mula gives voters the same number of votes as there are seats to be
filled. The voter can cast one or more votes for one of the candidates
in the list, in other words, the vote can be cumulative. This method
was continuously used for the Illinois House of Representatives from
1870-1980 (Farrel 2001: 46). Finally, the Single Non-Transferable
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Vote (SNTV) formula gives the voter just 1 vote in multi-seats dis-
tricts and those candidates winning the highest share of total votes
are elected to the available seats. This method was used most no-
tably in Japan between 1947 and 1995. Table 5.1 summarizes the
classification of the different types of electoral formulae that can be
found within the plurality and majority families in accordance with
district size.

Table 5.1: Winner-takes-all electoral systems
SMD Multi-member

Plurality First Past The Post Block Vote
Party Block

Majority Alternative Vote
Two Round System

Limited Vote
Miscellaneous Cumulative Vote
Single Non Transferable Vote

Aggregated threshold functions will only be applied to four elec-
toral formulae: First-Past- The-Post (FPTP), Block Vote (BV),
Party Block (BV) and Two Round Systems (TRS). One fundamen-
tal consideration justifies this decision. This concerns the way in
which the Alternative Vote, the Limited Vote, the Cumulative Vote
and the SNTV electoral formulae proceed to assign seats. As I ex-
plained above, in most cases these formulae involve a number of
different steps in order to determine who wins the seat and this re-
sult is difficult to know before the election results are known. It is
quite hard to determine the allocation of seats under these formulae
unless the exact distribution of votes between all the candidates is
assumed. This is not the case for FPTP, BV, PV, for which re-
gardless of the distribution of the vote it is possible to calculate a
minimum share of votes required to win a seat. It should be noted
however that in the case of the Two Round System (TRS), aggre-
gated threshold functions are applied to the second round only.
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In general, it can be said that aggregated threshold functions
can be applied to those winner-takes-all electoral systems that fit
the following definition:

P
F(VP Mg) =S 84| S =MgASP=0=V}>V,Pand Y _ Sy
p=1
(5.1)
for all M, € My
F(VP, My) refers to a function that relates the number of votes
obtained by each party to the number of seats that the party in
question wins. V¥ is 12P vector that shows the share of votes won
by each party. One condition of V¥ is

P
d VP <iforall VP e VP (5.2)

p=1
A total of 327 democratic elections held in 54 countries in the
period 1945-2000 took place under one of the winner-takes-all elec-
toral systems described above. Of these 327 elections, 264 were car-
ried out under the First-Past-The-Post (FPTP), Block Vote (BV),
Party Block (BV) or the Two Rounds Systems (TRS). This sam-
ple accounts for 80% of all these elections and represents 92% of
the countries, since these formulae are used in 50 countries. Hence
the values obtained from the application of the aggregated thresh-
old functions cover a very large proportion of the winner-takes-all

electoral systems used during the period under study.

5.2 Data.

The aggregated threshold function applied to those electoral sys-
tems that fit definition 5.1 above is as follows :

nec_Md SdfquC
Ve = 5 <Md—1+Pc> « Sy (5.3)
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When My;=5;=1 and Sy = 1, then

1
Vsis = arp

This function shows how the aggregated value required to ob-
tain 1 seat in a winner-takes-all electoral system is expected to be
low since it only depends on the interaction between the size of the
parliament and the number of political parties. The value obtained
does not necessarily mean that a party obtaining this proportion
of the vote will in fact win representation. The meaning of this
value is quite different: it refers merely to the minimum propor-
tion of votes required to win a seat. The low values obtained when
applying function 5.4 cannot actually be understood as indicating
how permissive these electoral systems are with respect to minority
parties. In real life, winner-takes-all electoral systems produce the
most favorable results for large parties in each district since only
the most-voted party wins the seat at stake. Small parties only
have a chance of winning a seat when they obtain the majority or
the plurality of the votes in the district where they present candi-
dates. For this reason, smaller, nationwide parties have very limited
chances of winning seats on the basis of their aggregated share of
the vote. However, small regional parties are more likely to win a
seat in districts in a particular region if their support in the region
is widely spread.

The following table shows the results obtained when we apply
the aggregated threshold function given above when S = 1. In ac-
cordance with the procedures introduced in Chapter 3, these values
are calculated assuming that a party, p, wins 1 seat in 1 district with
the necessary number of votes and obtain no votes in the remaining
districts. For those cases in which My > 1, a similar procedure has
been used taking into account the size of Mj.

(5.4)
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Table 5.2: Aggregated threshold values for Vg,

Country

Year

Formula

My

| o

M

nec

Sp=1
Antigual 1984 FPTP 1 1.92 17 0.05)06
Antigual 1989 FPTP 1 1.98 17  0.0297
Antigual 1994 FPTP 1 2.07 17  0.0284
Antigual 1999 FPTP 1 2.09 17  0.0281

Argentinal 1951  Plurality 11 197 158 0.0353
Argentina?2 1954  Plurality 5 1.93 155 0.0167

The Bahamasl 1977 FPTP 1 2.52 38 0.0104

The Bahamasl 1982 FPTP 1 2.03 43 0.0114

The Bahamasl 1987 FPTP 1 2.11 49  0.0096

The Bahamasl 1992 FPTP 1 1.99 49  0.0102

Bangladesh1 1991 FPTP 1 4.61 300 0.0007
Bangladesh1 1996 FPTP 1 3.48 300 0.0009
Barbadosl 1966 FPTP 2 2.72 24  0.0306
Barbados2 1971 FPTP 1 1.96 24  0.0212
Barbados2 1976 FPTP 1 2.03 24 0.0205
Barbados2 1981 FPTP 1 2.02 27 0.0183
Barbados2 1986 FPTP 1 1.93 27 0.0191
Barbados2 1991 FPTP 1 2.29 28 0.0155
Barbados2 1994 FPTP 1 2.48 28 0.0144
Barbados2 1999 FPTP 1 1.84 28 0.0194
Belizel 1984 FPTP 1 2.06 28 0.0173
Belizel 1989 FPTP 1 2.07 28 0.0172
Belizel 1993 FPTP 1 2.03 29 0.0169
Belizel 1998 FPTP 1 1.98 29 0.0174
Canadal 1949 FPTP 1 2.83 262 0.0013
Canadal 1953 FPTP 1 2.85 265 0.0013
Canadal 1957 FPTP 1 2.98 265 0.0012
Canadal 1958 FPTP 1 2.44 265 0.0015
Canadal 1962 FPTP 1 3.23 265 0.0011
Canadal 1963 FPTP 1 3.2 265 0.0011
Canadal 1965 FPTP 1 3.31 265 0.0011
Canadal 1968 FPTP 1 2.97 264 0.0012



Table 5.2: Aggregated threshold values for V<<, (cont.)

Winner-takes-all Electoral Systems/ 119

Country Year Formula WMy P M Vg,
Canadal 1972 FPTP 1 3.25 264 0.00116
Canadal 1974 FPTP 1 296 264 0.0012
Canadal 1979 FPTP 1 3.09 282 0.0011
Canadal 1980 FPTP 1 2.93 282 0.0012
Canadal 1984 FPTP 1 2.75 282 0.0012
Canadal 1988 FPTP 1 3.04 295 0.0011
Canadal 1993 FPTP 1 3.92 295 0.0008
Canadal 1997 FPTP 1 4.08 301 0.0008
Canadal 2000 FPTP 1 3.77 301 0.0008
Central African Rep.1 1998 TRS 1 4.19 109 0.0021
Comorosl 1992 TRS 1 1489 42 0.0015
Dominical 1980 FPTP 1 2.95 21 0.0161
Dominical 1985 FPTP 1 2.1 21 0.0226
Dominical 1990 FPTP 1 2.69 21 0.0177
Dominical 1995 FPTP 1 2.99 21  0.0159
Dominical 2000 FPTP 1 2.55 21 0.0186
France2 1958 TRS 1 6.08 465 0.0003
France2 1962 TRS 1 4.93 465 0.0004
France2 1967 TRS 1 4.55 470 0.0004
France2 1968 TRS 1 4.32 470 0.0004
France2 1973 TRS 1 5.68 473 0.0003
France2 1978 TRS 1 5.08 474 0.0004
France2 1981 TRS 1 4.14 474 0.0005
France4 1988 TRS 1 4.38 555 0.0004
France4 1993 TRS 1 6.71 577 0.0002
France4 1997 TRS 1 6.54 577 0.0002
Ghanal 1979 FPTP 1 3.75 140 0.0019
Greecel 1952  Plurality 3 2.7 300 0.0037
Grenadal 1976 FPTP 1 2.07 15 0.0322
Grenada?2 1984 FPTP 1 2.11 15 0.0315
Grenada?2 1990 FPTP 1 385 15 0.0173
Grenada2 1995 FPTP 1 3.65 15 0.0182
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Table 5.2: Aggregated threshold values for Vg, (cont.)

Country Year Formula My P M oa)
Grenada2 1999 FPTP 1 2.15 15 0.0310
Indial 1952 FPTP 1 3.82 479 0.0005
Indial 1957 FPTP 1 3.4 482 0.0006
Indial 1962 FPTP 1 4.15 491 0.0004
Indial 1967 FPTP 1 4.67 515 0.0004
Indial 1971 FPTP 1 4.38 517 0.0004
Indial 1977 FPTP 1 3.35 540 0.0005
Indial 1980 FPTP 1 4.13 528 0.0004
Indial 1984 FPTP 1 3.83 541  0.0004
Indial 1989 FPTP 1 4.74 529 0.0003
Indial 1991 FPTP 1 5.08 534 0.0003
Indial 1996 FPTP 1 5.38 543  0.0003
Indial 1999 FPTP 1 6.7 543  0.0002
Jamaical 1962 FPTP 1 2.06 45 0.0107
Jamaical 1967 FPTP 1 2.01 53 0.0093
Jamaical 1972 FPTP 1 1.97 53  0.0095
Jamaical 1976 FPTP 1 1.96 60  0.0085
Jamaical 1980 FPTP 1 1.94 60 0.0085
Jamaical 1983 FPTP 1 1.23 60 0.0135
Jamaical 1989 FPTP 1 1.97 60  0.0084
Jamaical 1993 FPTP 1 1.91 60  0.0087
Jamaical 1997 FPTP 1 2.14 60 0.0077
South Koreal 1960 FPTP 1 2.52 233 0.0017
Macedonial 1994 TRS 1 3.2 120 0.0026
Malawil 1994 FPTP 1 2.74 177 0.0020
Malawil 1999 FPTP 1 2.82 192 0.0018
Malil 1992 TRS 2 3.56 116 0.0048
Mali2 1997 TRS 3 1.59 147 0.0128
Mongolial 1992 BV 3 2.71 76 0.0145
Mongolia2 1996 TRS 1 2.58 76  0.0050
Mongolia2 2000 TRS 1 3.24 76 0.0040
Myanmarl 1956 FPTP 1 3.05 250 0.0013
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Country
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Year

Formula

Mgy

P

M

nec

Sr=1
Myanmar2 1960 FPTP 3 2.41 250 0.0649
Nepall 1991 FPTP 1 3.89 205 0.0012
Nepall 1994 FPTP 1 3.83 205 0.0012
Nepall 1999 FPTP 1 3.89 205 0.0012
New Zealand1 1946 FPTP 1 2.01 80 0.0062
New Zealand1l 1949 FPTP 1 2.03 80 0.0061
New Zealand1 1951 FPTP 1 1.99 80  0.0062
New Zealand1 1954 FPTP 1 248 80  0.0050
New Zealand1 1957 FPTP 1 2.3 80  0.0054
New Zealand1 1960 FPTP 1 2.37 80  0.0052
New Zealand1l 1963 FPTP 1 239 80  0.0052
New Zealandl1 1966 FPTP 1 2.61 80  0.0047
New Zealand1l 1969 FPTP 1 245 84  0.0048
New Zealand1 1972 FPTP 1 2.43 87 0.0047
New Zealand1l 1975 FPTP 1 2.55 87  0.0045
New Zealand1 1978 FPTP 1 2.87 92  0.0037
New Zealandl 1981 FPTP 1 2.89 92  0.0037
New Zealand1 1984 FPTP 1 2.99 95 0.0035
New Zealand1l 1987 FPTP 1 2.34 97  0.0044
New Zealand1 1990 FPTP 1 2.78 97  0.0037
New Zealand1 1993 FPTP 1 3.52 99  0.0028
Nigerial 1964 FPTP 1 3.91 469 0.0005
Nigeria2 1979 FPTP 1 3.71 449 0.0006
Nigeria3 1999 FPTP 1 2.32 360 0.0011
Pakistanl 1977 FPTP 1 2.04 200 0.0024
Pakistanl 1988 FPTP 1 3.57 207 0.0013
Pakistanl 1990 FPTP 1 3.44 207 0.0014
Pakistanl 1993 FPTP 1 3.2 207 0.0015
Pakistanl 1997 FPTP 1 3.53 207 0.0013
Philippinel 1946 FPTP 1 3.32 98  0.0030
Philippinel 1949 FPTP 1 2.44 100 0.0040
Philippinel 1953 FPTP 1 2.56 102 0.0038
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Table 5.2: Aggregated threshold values for Vg, (cont.)

Country Year Formula My P M oa)
Philippinel 1957 FPTP 1 2.14 102 0.0045
Philippinel 1961 FPTP 1 2.05 104 0.0046
Philippinel 1965 FPTP 1 2.26 104 0.0042
Philippine2 1992 FPTP 1 4.52 200 0.0011
Philippine2 1995 FPTP 1 4.69 204 0.0010

Sierra Leonel 1962 FPTP 1 2.99 62 0.0053
Sierra Leonel 1967 FPTP 1 2.69 66  0.0056
Solomon Islandsl 1980 FPTP 1 2.53 38 0.0104
Solomon Islandsl 1984 FPTP 1 4.19 38 0.0062
Solomon Islands2 1993 FPTP 1 5.22 47  0.0040

Sri Lankal 1952 FPTP 1 3.84 89  0.0029
Sri Lankal 1956 FPTP 1 3.79 89  0.0029
Sri Lanka2 1960 FPTP 1 3.69 145 0.0018
Sri Lanka2 1965 FPTP 1 3.83 145 0.0018
Sri Lanka2 1970 FPTP 1 3.4 145 0.0020
Sri Lanka2 1977 FPTP 1 2.8 168 0.0021

St. Kittsl 1984 FPTP 1 2.45 11  0.0371

St. Kittsl 1989 FPTP 1 2.77 11  0.0328

St. Kittsl 1993 FPTP 1 3.08 11  0.0295

St. Kittsl 1995 FPTP 1 2.65 11  0.0343

St. Kittsl 2000 FPTP 1 2.55 11  0.0356
St. Lucial 1979 FPTP 1 1.97 17  0.0298
St. Lucial 1982 FPTP 1 2.4 17 0.0245
St. Lucial 1987 FPTP 1 2.32 17  0.0253
St. Lucial 1987 FPTP 1 2.21 17  0.0266
St. Lucial 1992 FPTP 1 1.97 17  0.0298
St. Lucial 1997 FPTP 1 1.95 17  0.0301
St. Vincentl 1979 FPTP 1 2.57 13 0.0299
St. Vincent1 1984 FPTP 1 228 13 0.0337
St. Vincentl 1989 FPTP 1 1.88 15  0.0354
St. Vincentl 1994 FPTP 1 2.48 15  0.0268
St. Vincentl 1998 FPTP 1 1.99 15 0.0335
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Country
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Year

Formula

Mgy

P

M

nec

Sp=1

Thailand1 1983 BV 2 5.72 324 0.0010
Thailand2 1986 BV 3 7.97 347 0.0007
Thailand2 1988 BV 3 9.75 357 0.0008
Thailand2 1992 BV 3 6.7 360 0.0012
Thailand2 1992 BV 3 6.6 360 0.0012
Thailand?2 1995 BV 3 6.81 391 0.0011
Thailand2 1996 BV 3 4.61 393 0.0016
Trinidad and Tobagol 1966 FPTP 1 2.51 36 0.011
Trinidad and Tobagol 1971 FPTP 1 1.38 36 0.020
Trinidad and Tobagol 1976 FPTP 1 2.65 36 0.0104
Trinidad and Tobagol 1981 FPTP 1 2.82 36  0.0098
Trinidad and Tobagol 1986 FPTP 1 1.84 36  0.0150
Trinidad and Tobagol 1991 FPTP 1 2.88 36  0.0096
Trinidad and Tobagol 1995 FPTP 1 2.22 36 0.0125
Trinidad and Tobagol 2000 FPTP 1 2.15 36  0.0129
Ugandal 1980 FPTP 1 2.24 126 0.0035
Ukrainel 1994 TRS 1 2.16 450 0.0010
United Kingdom1 1950 FPTP 1 2.44 625 0.0006
United Kingdom1 1951 FPTP 1 2.13 625 0.0007
United Kingdom1 1955 FPTP 1 2.16 630 0.0007
United Kingdom1 1959 FPTP 1 2.28 630 0.0006
United Kingdom1 1964 FPTP 1 2.52 630 0.0006
United Kingdom1 1966 FPTP 1 2.42 630 0.0006
United Kingdom1 1970 FPTP 1 2.46 630 0.0006
United Kingdom1 1974 FPTP 1 3.13 635 0.0005
United Kingdom1 1974 FPTP 1 3.15 635 0.0004
United Kingdom1 1979 FPTP 1 2.87 635 0.0005
United Kingdom1 1983 FPTP 1 2.83 650 0.0005
United Kingdom1 1987 FPTP 1 2.85 650 0.0005
United Kingdom1 1992 FPTP 1 3.03 651 0.0005
United Kingdom1 1997 FPTP 1 3.21 659 0.0004
United Statesl 1946 FPTP 1 2.06 432 0.0011
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Table 5.2: Aggregated threshold values for Vg, (cont.)

Country Year Formula My P M oa)
United Statesl 1948 FPTP 1 2.07 433 0.0011
United Statesl 1950 FPTP 1 2.06 434 0.0011
United Statesl 1952 FPTP 1 2.04 433 0.0011
United Statesl 1954 FPTP 1 2.01 432 0.0011
United Statesl 1956 FPTP 1 2.01 435 0.0011
United Statesl 1958 FPTP 1 1.98 433 0.0011
United Statesl 1960 FPTP 1 2.01 436 0.0011
United Statesl 1962 FPTP 1 2.01 437 0.0011
United Statesl 1964 FPTP 1 1.97 435 0.0011
United Statesl 1966 FPTP 1 2.03 435 0.0011
United Statesl 1968 FPTP 1 2.05 434 0.0011
United Statesl 1970 FPTP 1 2.03 435 0.0011
United Statesl 1972 FPTP 1 2.04 434 0.0011
United Statesl 1974 FPTP 1 2 431 0.0011
United Statesl 1976 FPTP 1 2.02 435 0.0011
United Statesl 1978 FPTP 1 2.03 435 0.0011
United Statesl 1980 FPTP 1 2.06 433 0.0011
United Statesl 1982 FPTP 1 2.02 435 0.0011
United Statesl 1984 FPTP 1 2.03 434 0.0011
United Statesl 1986 FPTP 1 2.01 435 0.0011
United Statesl 1988 FPTP 1 2.03 435 0.0011
United Statesl 1990 FPTP 1 2.07 435 0.0011
United Statesl 1992 FPTP 1 2.14 434 0.0010
United Statesl 1994 FPTP 1 2.08 434 0.0011
United Statesl 1996 FPTP 1 2.11 434 0.0010
United Statesl 1998 FPTP 1 2.15 434 0.0010
United Statesl 2000 FPTP 1 2.18 435 0.0010

Zambial 1991 FPTP 1 1.63 150 0.0040

Zambial 1996 FPTP 1 2.44 150 0.0027

The values shown in Table 5.2 clearly reveal the majoritarian
character of these electoral systems. This table shows how easy it is
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for a party with strong support to win a seat in a given district. Of
course, there are interesting variations in the values that are derived
directly from the function used to calculate them. Electoral systems
with a limited number of parties and a small assembly produce
higher values than electoral systems with a larger number of parties
and larger assemblies. A couple of examples serve to illustrate this
point. In the general election held in Antigua in 1994, a parliament
of 17 members was elected using the FPTP electoral formula. The
number of parties that competed in that election was 2.07. The
aggregated threshold value to win 1 seat in that electoral system is
0.0284, meaning that at least 2.84% of the vote was required to win
a seat. This value can be contrasted with that resulting from the
electoral system used in the 1991 general election in India. Here
534 member were elected also using FPTP and about 5.08 parties
competed for those seats. In this case, the aggregated threshold
value for winning 1 seat was just 0.0003, in other words, 0.03% of
the vote.

More revealing than these results are those for the cases in which

St = 5 In these cases, one can clearly see the institutionally-

determined condition to win the majority in the parliament. The
following table shows these results.

Table 5.3: Aggregated threshold values for V"¢

ST=7
Country Year Formula My P M Vgec M
="
Antigual 1984 FPTP 1 1.92 17  0.26041
Antigual 1989 FPTP 1 1.98 17  0.2525
Antigual 1994 FPTP 1 2.07 17  0.2415
Antigual 1999 FPTP 1 2.09 17 0.2392
Argentinal 1951  Plurality 11  1.97 158 0.2538
Argentina2 1954  Plurality 5 1.93 155  0.2590
The Bahamasl 1977 FPTP 1 2.52 38 0.1984

The Bahamasl 1982 FPTP 1 2.03 43  0.2463
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Table 5.3: Aggregated threshold values for V"¢ =~ (cont.)

Sr=4%-
Country Year Formula My P M Vgec M
=M
The Bahamasl 1987 FPTP 1 2.11 49 0.23692
The Bahamasl 1992 FPTP 1 1.99 49 0.2512
Bangladesh1 1991 FPTP 1 4.61 300 0.1084
Bangladesh1 1996 FPTP 1 3.48 300 0.1436
Barbadosl 1966 FPTP 2 2.72 24 0.1838
Barbados2 1971 FPTP 1 1.96 24 0.2551
Barbados2 1976 FPTP 1 2.03 24 0.2463
Barbados2 1981 FPTP 1 2.02 27  0.2475
Barbados2 1986 FPTP 1 1.93 27  0.2590
Barbados2 1991 FPTP 1 2.29 28 0.2183
Barbados2 1994 FPTP 1 2.48 28 0.2016
Barbados2 1999 FPTP 1 1.84 28 0.2717
Belizel 1984 FPTP 1 2.06 28 0.2427
Belizel 1989 FPTP 1 2.07 28 0.2415
Belizel 1993 FPTP 1 2.03 29 0.2463
Belizel 1998 FPTP 1 1.98 29 0.2525
Canadal 1949 FPTP 1 2.83 262 0.1766
Canadal 1953 FPTP 1 2.85 265 0.1754
Canadal 1957 FPTP 1 2.98 265 0.1677
Canadal 1958 FPTP 1 2.44 265  0.2049
Canadal 1962 FPTP 1 3.23 265  0.1547
Canadal 1963 FPTP 1 3.2 265 0.1562
Canadal 1965 FPTP 1 3.31 265 0.1510
Canadal 1968 FPTP 1 297 264 0.1683
Canadal 1972 FPTP 1 3.25 264 0.1538
Canadal 1974 FPTP 1 2.96 264 0.1689
Canadal 1979 FPTP 1 3.09 282 0.1618
Canadal 1980 FPTP 1 2.93 282 0.1706
Canadal 1984 FPTP 1 2.75 282 0.1818
Canadal 1988 FPTP 1 3.04 295 0.1644
Canadal 1993 FPTP 1 3.92 295 0.1275
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Table 5.3: Aggregated threshold values for V"¢~ (cont.)

Sr="9
Country Year Formula WMy P M Vgec M
=M
Canadal 1997 FPTP 1 4.08 301 0.12252
Canadal 2000 FPTP 1 3.77 301 0.1326
Central African Rep.1 1998 TRS 1 4.19 109 0.1193
Comorosl 1992 TRS 1 1489 42  0.0335
Dominical 1980 FPTP 1 295 21  0.1694
Dominical 1985 FPTP 1 2.1 21 0.2380
Dominical 1990 FPTP 1 2.69 21  0.1858
Dominical 1995 FPTP 1 299 21  0.1672
Dominical 2000 FPTP 1 2.55 21 0.1960
France2 1958 TRS 1 6.08 465 0.08223
France2 1962 TRS 1 4.93 465 0.1014
France2 1967 TRS 1 4.55 470 0.1098
France2 1968 TRS 1 4.32 470  0.1157
France2 1973 TRS 1 5.68 473  0.0880
France2 1978 TRS 1 5.08 474  0.0984
France2 1981 TRS 1 4.14 474 0.1207
France4 1988 TRS 1 4.38 555 0.1141
France4 1993 TRS 1 6.71 577 0.0745
France4 1997 TRS 1 6.54 577  0.0764
Ghanal 1979 FPTP 1 3.75 140 0.1333
Greecel 1952  Plurality 3 2.7 300 0.1851
Grenadal 1976 FPTP 1 2.07 15 0.2415
Grenada?2 1984 FPTP 1 2.11 15 0.2369
Grenada2 1990 FPTP 1 3.85 15 0.1298
Grenada?2 1995 FPTP 1 3.65 15  0.1369
Grenada2 1999 FPTP 1 2.15 15 0.2325
Indial 1952 FPTP 1 3.82 479 0.1308
Indial 1957 FPTP 1 3.4 482  0.1470
Indial 1962 FPTP 1 4.15 491  0.1204
Indial 1967 FPTP 1 4.67 515 0.1070
Indial 1971 FPTP 1 4.38 517 0.1141
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Table 5.3: Aggregated threshold values for V"¢ =~ (cont.)

Sr=4%-
Country Year Formula My P M Vgec M
=M
Indial 1977 FPTP 1 3.35 540 0.14922
Indial 1980 FPTP 1 4.13 528 0.1210
Indial 1984 FPTP 1 3.83 541  0.1305
Indial 1989 FPTP 1 4.74 529 0.1054
Indial 1991 FPTP 1 5.08 534  0.0984
Indial 1996 FPTP 1 5.38 543  0.0929
Indial 1999 FPTP 1 6.7 543 0.0746
Jamaical 1962 FPTP 1 2.06 45 0.2427
Jamaical 1967 FPTP 1 2.01 53 0.2487
Jamaical 1972 FPTP 1 1.97 53 0.2538
Jamaical 1976 FPTP 1 1.96 60 0.2551
Jamaical 1980 FPTP 1 1.94 60 0.2577
Jamaical 1983 FPTP 1 1.23 60 0.4065
Jamaical 1989 FPTP 1 1.97 60 0.2538
Jamaical 1993 FPTP 1 1.91 60 0.2617
Jamaical 1997 FPTP 1 2.14 60 0.2336
South Koreal 1960 FPTP 1 2.52 233  0.1984
Macedonial 1994 TRS 1 3.2 120 0.1562
Malawil 1994 FPTP 1 2.74 177 0.1824
Malawil 1999 FPTP 1 2.82 192  0.1773
Malil 1992 TRS 2 3.56 116  0.1404
Mali2 1997 TRS 3 1.59 147 0.3144
Mongolial 1992 BV 3 2.71 76 0.1845
Mongolia2 1996 TRS 1 2.58 76 0.1937
Mongolia2 2000 TRS 1 3.24 76 0.1543
Myanmarl 1956 FPTP 1 3.05 250 0.1639
Myanmar2 1960 FPTP 3 2.41 250 0.2074
Nepall 1991 FPTP 1 3.89 205 0.1285
Nepall 1994 FPTP 1 3.83 205 0.1305
Nepall 1999 FPTP 1 3.89 205 0.1285
New Zealand1 1946 FPTP 1 2.01 80 0.2487
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Table 5.3: Aggregated threshold values for V"¢~ (cont.)

Sr="9
Country Year Formula WMy P M Vgec M
=M
New Zealandl 1949 FPTP 1 2.03 80 0.246§
New Zealand1l 1951 FPTP 1 1.99 80 0.2512
New Zealandl 1954 FPTP 1 2.48 80 0.2016
New Zealandl 1957 FPTP 1 2.3 80 0.2173
New Zealand1 1960 FPTP 1 2.37 80 0.2109
New Zealandl1 1963 FPTP 1 2.39 80 0.2092
New Zealandl 1966 FPTP 1 2.61 80 0.1915
New Zealandl1 1969 FPTP 1 2.45 84 0.2040
New Zealandl 1972 FPTP 1 243 87 0.2057
New Zealandl1 1975 FPTP 1 2.55 87 0.1960
New Zealand1 1978 FPTP 1 287 92 0.1742
New Zealandl 1981 FPTP 1 2.890 92  0.17301
New Zealand1l 1984 FPTP 1 299 95 0.1672
New Zealandl 1987 FPTP 1 2.34 97 0.2136
New Zealandl 1990 FPTP 1 2.78 97 0.1798
New Zealandl 1993 FPTP 1 3.52 99 0.1420
Nigerial 1964 FPTP 1 3.91 469 0.1278
Nigeria2 1979 FPTP 1 3.71 449 0.1347
Nigeria3 1999 FPTP 1 2.32 360 0.2155
Pakistanl 1977 FPTP 1 2.04 200 0.2450
Pakistan1 1988 FPTP 1 3.57 207  0.1400
Pakistanl 1990 FPTP 1 3.44 207 0.1453
Pakistanl 1993 FPTP 1 3.2 207 0.1562
Pakistanl 1997 FPTP 1 3.53 207 0.1416
Philippinel 1946 FPTP 1 3.32 98 0.1506
Philippinel 1949 FPTP 1 2.44 100 0.2049
Philippinel 1953 FPTP 1 2.56 102  0.1953
Philippinel 1957 FPTP 1 2.14 102 0.23364
Philippinel 1961 FPTP 1 2.05 104 0.2439
Philippinel 1965 FPTP 1 2.26 104 0.2212
Philippine2 1992 FPTP 1 4.52 200 0.1106
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Table 5.3: Aggregated threshold values for V"¢ =~ (cont.)

Sr=4%-
Country Year Formula My P M Vgec M
=M
Philippine2 1995 FPTP 1 4.69 204 0.1065
Sierra Leonel 1962 FPTP 1 2.99 62 0.1672
Sierra Leonel 1967 FPTP 1 2.69 66 0.1858
Solomon Islandsl 1980 FPTP 1 2.53 38 0.19762
Solomon Islandsl 1984 FPTP 1 4.19 38 0.1193
Solomon Islands2 1993 FPTP 1 5.22 47 0.0957
Sri Lankal 1952 FPTP 1 3.84 89 0.1302
Sri Lankal 1956 FPTP 1 3.79 89 0.1319
Sri Lanka2 1960 FPTP 1 3.69 145 0.1355
Sri Lanka2 1965 FPTP 1 3.83 145 0.1305
Sri Lanka2 1970 FPTP 1 3.4 145 0.1470
Sri Lanka?2 1977 FPTP 1 2.8 168 0.1785
St. Kittsl 1984 FPTP 1 245 11 0.2040
St. Kittsl 1989 FPTP 1 277 11 0.1805
St. Kittsl 1993 FPTP 1 3.08 11 0.1623
St. Kittsl 1995 FPTP 1 2.65 11 0.1886
St. Kittsl 2000 FPTP 1 2.55 11 0.1960
St. Lucial 1979 FPTP 1 1.97 17 0.2538
St. Lucial 1982 FPTP 1 2.4 17 0.2083
St. Lucial 1987 FPTP 1 232 17 0.2155
St. Lucial 1987 FPTP 1 2.21 17 0.2262
St. Lucial 1992 FPTP 1 1.97 17 0.2538
St. Lucial 1997 FPTP 1 1.95 17 0.2564
St. Vincentl 1979 FPTP 1 2.57 13 0.1945
St. Vincentl 1984 FPTP 1 2.28 13 0.2192
St. Vincentl 1989 FPTP 1 1.88 15 0.2659
St. Vincentl 1994 FPTP 1 2.48 15 0.2016
St. Vincentl 1998 FPTP 1 1.99 15 0.2512
Thailand1 1983 BV 2 5.72 324 0.08741
Thailand2 1986 BV 3 7.97 347 0.06273
Thailand2 1988 BV 3 9.75 357 0.05128
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Table 5.3: Aggregated threshold values for V"¢~ (cont.)

STZ?
Country Year Formula WMy P M Vgec M
="
Thailand2 1992 BV 3 6.6 360 0.07575
Thailand2 1995 BV 6.81 391 0.07342
Thailand2 1996 BV 4.61 393 0.1084

Trinidad and Tobagol 1966 FPTP
Trinidad and Tobagol 1971 FPTP
Trinidad and Tobagol 1976 FPTP
Trinidad and Tobagol 1981 FPTP
Trinidad and Tobagol 1986 FPTP
Trinidad and Tobagol 1991 FPTP
Trinidad and Tobagol 1995 FPTP
Trinidad and Tobago 2000 FPTP
Ugandal 1980 FPTP
Ukrainel 1994 TRS
United Kingdom1 1950 FPTP
United Kingdom1 1951 FPTP
United Kingdom1 1955 FPTP
United Kingdom1 1959 FPTP
United Kingdom1 1964 FPTP
United Kingdom1 1966 FPTP
United Kingdom1 1970 FPTP
United Kingdom1 1974 FPTP
United Kingdom1 1974 FPTP
United Kingdom1 1979 FPTP
United Kingdom1 1983 FPTP
United Kingdom1 1987 FPTP
United Kingdom1 1992 FPTP
United Kingdom1 1997 FPTP

251 36 0.1992
1.38 36  0.3623
265 36  0.1886
282 36  0.1773
1.84 36  0.2717
288 36  0.1736
222 36  0.2252
215 36  0.2325
2.24 126 0.2232
2.16 450 0.2314
2.44 625 0.2049
213 625 0.2347
2.16 630 0.2314
2.28 630 0.2192
252 630 0.1984
242 630 0.2066
246 630 0.2032
3.13 635 0.1597
3.15 635 0.1587
2.87 635 0.1742
2.83 650 0.1766
2.85 650 0.1754
3.03 651 0.1650
3.21 659  0.1557

United Statesl 1946 FPTP 2.05 432 0.24390
United Statesl 1948 FPTP 2.07 433 0.2415
United Statesl 1950 FPTP 2.06 434 0.2427
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United Statesl 1952 FPTP 2.04 433 0.2450
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Table 5.3: Aggregated threshold values for V"¢ =~ (cont.)

Sr=4%-
Country Year Formula My P M Vgec M
=M
United Statesl 1954 FPTP 1 2.01 432 0.248%
United Statesl 1956 FPTP 1 2.01 435 0.2487
United Statesl 1958 FPTP 1 1.98 433 0.2525
United Statesl 1960 FPTP 1 2.01 436  0.2487
United Statesl 1962 FPTP 1 2.01 437 0.2487
United Statesl 1964 FPTP 1 1.97 435 0.2538
United Statesl 1966 FPTP 1 2.03 435 0.2463
United Statesl 1968 FPTP 1 2.06 434 0.2439
United Statesl 1970 FPTP 1 2.03 435 0.2463
United Statesl 1972 FPTP 1 2.04 434 0.2450
United Statesl 1974 FPTP 1 2 431 0.25
United Statesl 1976 FPTP 1 2.02 435 0.2475
United Statesl 1978 FPTP 1 2.03 435 0.2463
United Statesl 1980 FPTP 1 2.06 433 0.24271
United Statesl 1982 FPTP 1 2.02 435 0.2475
United Statesl 1984 FPTP 1 2.03 434 0.2463
United Statesl 1986 FPTP 1 2.01 435 0.2487
United Statesl 1988 FPTP 1 2.03 435 0.2463
United Statesl 1990 FPTP 1 2.07 435 0.2415
United Statesl 1992 FPTP 1 2.14 434 0.2336
United Statesl 1994 FPTP 1 2.08 434 0.2403
United Statesl 1996 FPTP 1 2.11 434  0.2369
United Statesl 1998 FPTP 1 2.15 434 0.2325
United Statesl 2000 FPTP 1 2.18 435 0.2293
Zambial 1991 FPTP 1 1.63 150 0.3067
Zambial 1996 FPTP 1 2.44 150 0.2049

M
Since ST = > and My = Sy, then according to function 5.3 the

values shown in Table 5.3 are calculate using the function,
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B Md(Md— 1—|—C)

ynee 5.5
sr=3 7 2(My — 1+ Pe) (5:5)
When M, = 1, function 5.5 can be simplified as,
ymee = & (5.6)
sr=3 " 2P ‘

This new function is very interesting because it shows how the min-
imum value to win the majority of seats in the parliament depends
exclusively on the effective number of parties. So, for example, if the
number of parties competing in a complete electoral system with a
FPTP electoral formula equals 2, the share of votes below which a

M
party cannot win Sp = 5 seats is 0.25. This situation arises when

M M
ST = — seats are won in — districts with the minimum number

of votes and no votes are won in the remaining districts. This is,
of course, an extreme case but it is useful because it gives us the

M
value below which it is impossible to win St = ) seats under any

circumstances.

The number of parties, then, is inversely proportional to the
number of votes required to win the majority of the seats in the
parliament. The greater the number of parties, the smaller the
proportion of votes required to win the majority of the seats. Again,
this does not necessarily mean that when the number of parties is
high it is easier to win a majority in the parliament. What the
aggregated values establish is the threshold that must be crossed in
order to be in a position to win that number of seats.

Figure 5.1 shows the different aggregated values required to ob-

M
tain Sp = - seats in relation to the number of parties observed

in all winner-takes-all electoral systems. The graph reveals how
the necessary number of votes to win a majority of the seats in the
parliament decreases as the number of parties increases. Some of
the cases are quite striking. The election held in Jamaica in 1983
produced an effective number of parties of 1.23. The aggregated
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Figure 5.1: Aggregated threshold values for Sp = % in SMD-
electoral systems.
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threshold value to win the majority of the seats in the parliament
with that number of parties is 40% of the vote. This extremely
low number of parties was due to the fact that in this election the
majority of the constituencies were not contested, as the opposition
boycotted the election because of the country’s extreme economic
difficulties. In fact, contested elections took place in just six con-
stituencies (Political Handbook of the World 1984-1985). The op-
posite case is found in Comoros in 1992, when the effective number
of parties was 14.89. This extremely high figure was due to the
fact that these were the first democratic elections in this African
country since it gained independence in 1975 (Keesing’s Record of
World Events). The aggregated threshold value in this case was
3.35% of the vote.

The data given in this chapter gives us the aggregated threshold
valued necessary to win 1 seat in the parliament and a parliamen-
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tary majority in the lower chamber. In terms of perfect propor-
tionality, both aggregated values show exactly how disproportional
an electoral system with a plurality-majority electoral formula is.
If perfect proportionality is understood as implying that a party’s
share of the vote equals the share of seats it obtains, then the elec-
toral systems analyzed in this chapter are very far from being pro-
portional. As, I have shown, in most cases, 50% of the seats in the
parliament were won with a share of 25% or less of the vote. The
greater the effective number of parties, the smaller the share of the
vote required to win the majority of seats in the parliament.

In the following chapter I will move on to consider electoral
systems that use a proportional representation electoral formula.
The data analyzed there makes it possible to discover whether these
electoral systems are closer to the concept of perfect proportionality
as defined above.
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Chapter 6

Characterizing
Proportional
Representation Electoral
Systems

In this chapter, I analyze aggregated threshold values for those
electoral systems that use a proportional representation electoral
formula with party lists. An important distinction between these
electoral systems and winner-takes-all systems lies in the size of
the districts in each type of system. Whereas plurality or majority
electoral formulae are applied in electoral systems that normally
use single-member districts, proportional representation formulae
involve multi-member districts. These methods try to allocate seats
in proportion to the share of the vote that each party wins.

There are two different types of party-list proportional represen-
tation electoral systems. On the one hand we have proportional rep-
resentation electoral systems based on a divisor method. Divisor-
based proportional representation electoral systems allocate seats
in accordance with the results of applying divisors that give the
distribution of seats. On the other hand, there are quota-based

137
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proportional representation electoral systems. Electoral systems
using this type of formula allocate seats in accordance with a fixed
predetermined quota of votes.

There are also non-party-list proportional representation elec-
toral systems. Specifically, the Single Transferable Vote (STV) elec-
toral formula uses multimember districts to allocate seats. The
difference between this and party-list electoral systems lies in the
fact that voters can order their preferences. The ballot for STV is,
then, ordinal since it establishes voters” favorite candidates. As I
explained when discussing Single Non Transferable Vote (SNTV),
aggregated threshold functions cannot be applied to these type of
electoral formula since the process used to allocate seats is car-
ried out in several stages and depends on the actual distribution of
votes that each candidate receives. Electoral systems using an STV
electoral formula are used most notably in Ireland and Malta.

In the rest of the chapter, I will first offer a broad description
of quota-based electoral systems. I will the introduce aggregated
threshold data for these electoral systems. A parallel procedure will
be used for divisor-based proportional representation electoral sys-
tems: after a broad description of the functioning of these electoral
systems, I will introduce the aggregated threshold data.

6.1 Quota-based Electoral Systems with
Largest Remainders.

The functioning of quota-based electoral systems with largest re-
mainders is very simple. The process used to allocate seats involves
two stages. In the first stage, votes are counted and divided by
a fixed quota which is obtained using the district magnitude, M.
The number of full quotas achieved by each political party equals
the number of seats that they win. If the number of full quotas
obtained by all political parties is smaller than Mg, then, in the
second round, the remaining seats are allocated to those parties
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that get the largest remainders of votes!.

More formally, a quota, Q(n), is defined as:

Vi
n)=—m——
Q) = 37
Where My is the magnitude of the district d, n is the modifier of
the quota and Vj corresponds to the total of valid votes in district d.
Considering the total number of parties, P, V; is logically subjected
to,

(6.1)

P
Vi = Z V7 forallpeP (6.2)
p=1
where P is a 12 P vector that contains all competing parties.
The modifier of the quota is an element of a set?, N, which must
satisfy n > — M. Formally,

N ={njn € R and n > —M,} (6.3)

Dividing the votes for a party p, V7, by the quota, Q(n), yields
Vi _ Vi

Qn)  Va

Where Z, is an integer between 0 and M and 7, is a fraction
ranging from 0 to 1. Mathematically:

(Mg+n)=2Z,+1, (6.4)

VP
Z, = integer <Vfl(Md + n)> (6.5)
d

and

'For a more detailed account of the working and formulation of quota-based
electoral formulae see Penadés 2000:57-65

*When n = 0 the Hare quota or simple quota is obtained ; when n = 1, we
obtain the Droop quota and when n = 2, the Imperiali quota. The size of the
n is important. The largest value of n, i.e., a small quota, the less proportional
the electoral formula becomes.



140/ Aggregated Threshold Functions.

_ Vi

= - (Matn) =2, (6.6)

Tp

P
If Z Zp for all p € P does not equal My, then there are R seats
p=1
to be distributed using the largest remainders method. Hence, a
party will get as many seats as full quotas obtain, Z,, plus one
and only one more seat if its remainder, r,, is one of the R largest
remainders. The following example shows how this method works.

Table 6.1: Seat allocation using the Hare quota
Mg =5;n=0 (Hare); Q(n) =200

P
Parties | Votes Q‘?;) Z, rp Seats allocated
A 420 210 2 0.10 2
B 370 1.85 1 0.85 2(1+1)
C 180 090 0 0.90 1
D 30 0.15 0 0.15 0
Total 1000 5 3 2 5

Imagine an electoral system where the total number of votes is
split among four parties in a district where 5 seats are to be elected.
For simplicity’s sake, it is assumed that voting is compulsory and
that there is no abstention, so that the sum of the votes won by
each party equals the total number of voters. The electoral formula
used to allocate seats is one based on the Hare quota. As already
explained, this quota is the simplest one since it is obtained by
dividing the number of total votes by the size of the district, which
in this case is 5. The resulting Hare quota is, then, 200. In the first
stage to allocate seats, the votes of each party are divided by the
quota. In this example, party A wins 2.10 quotas, party B 1.85,
party C 0.90 and party D 0.15 quotas. The number of full quotas
amounts to the seats won by each party. So, by looking at those
quotients, party A wins 2 seats and party B just 1. Since My =5
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and only 3 seats have already been allocated, there are 2 seats that
must be distributed in a second round. In order to do this, the
largest remainder method is applied. From Table 6.1 it can be seen
that the party with the highest remainder of votes is party C with
rp = 0.90 followed by party B, 7, = 0.85. These two parties will
therefore each receive one of the 2 remaining seats. With this round
complete all the seats in the district have been allocated.

As expression 6.1 above shows, the quota depends basically on
2 variables. On the one hand, the size of the district, My; on the
other hand the modifier of the quota, n. The larger the modifier
of the quota or the size of the district, the smaller the quota and
vice versa. Smaller quotas produce a bias towards larger parties
and larger quotas allow smaller parties to obtain representation.
Having explained the workings of quota-based electoral systems, 1
will now introduce the aggregated threshold data.

6.1.1 Data for Quota-based Electoral Systems.

Quota-based electoral systems are not widely used. Quota-based
electoral systems have only been used in 22 democracies in 91 de-
mocratic elections between 1945 and 2000. Furthermore, the data
suggests that quota-based electoral systems are only used in partic-
ular areas of the world. Figure 6.1 shows how these electoral sys-
tems are distributed in 7 region of the world.Quota-based electoral
systems are most widely used in Latin America. In this region, 11
countries have used this type of electoral system in 60 democratic
elections. In Costa Rica this type of electoral formula has been
in use continuously since 1953 and in Colombia it has been used
since 1974. Quota-based electoral systems have rarely been used
in Eastern Europe, in South-East Asia and in the English-speaking
Caribbean. In Eastern Europe, only the Slovak Republic has used
this method in just one election. In South-East Asia, Indonesia has
also used this system once. Among the English-speaking Caribbean
countries, Guyana has held two elections using a quota-based elec-
toral system (Golder 2005).



142/ Aggregated Threshold Functions.

Figure 6.1: World distribution of quota-based electoral systems.
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It is also interesting to note that only two types of quota have
been used in these democratic elections: Hare and Droop. As Figure
6.2 shows, the Hare quota is by far the most widely used; in contrast
only in 11 democratic processes have adopted the Droop quota.
This quota was used in the 1998 election in the Slovak Republic
and in Luxemburg from 1954 to 1999. If it is curious that quota-
based electoral systems are mainly found in Latin America, it is also
striking that only the Droop quota is found in Europe. The value
of the modifier of the quota for the Droop quota is 1, n = 1. This
means that those electoral systems that have applied this method to
allocate seats produce less proportional results than those applying
the Hare quota, n = 0, according to expression 6.1 above. Why
quota-based electoral systems are more used in Latin America and
why a less proportional quota-based electoral systems is used in
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Furope is, no doubt, a very interesting question that should be

pursued in future research.

Figure 6.2: Quota electoral formulae used between 1945-2000
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Data for S; = 1.

The aggregated threshold function for quota-based electoral sys-
tems has the following form

St~ MP(My +n)

(6.7)
d=1

Recall from theorem 2 in Chapter 3 that for any given complete
electoral system with a quota-based electoral formula where the
number of seats in the parliament is distributed unevenly among
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all districts, the combination of seats that produces min Vg for
St =1 is the following;:

a) when n = 1, the seat must be won in the smallest district,
and

b) when n = 0, it does not matter where the seat is won since
the value to obtain 1 seat is the same in all districts.

Taking into account theorem 2, expression 6.7 has the following
form when St =1,

My [ 1
vgee, = =4 | " ] (6.8)

Sr=1 " pr [P(Md +n)

where My = min M, € My
The results obtained using this function provides the institutionally-

determined minimum value below which it is impossible to win 1
seat in the Parliament. It should again be noted that obtaining this
value does not guarantee a seat will be won. As I pointed out in
Chapter 4, there might be extra institutional settings such as legal
thresholds that must be overcome in order to enter the competi-
tion for parliamentary seats. When this is the case, the aggregated
threshold value and the legal threshold must be contrasted and only
the higher value taken into account. In any event, what the aggre-
gated threshold value for ST = 1 indicates is the bottom line that
every party must cross if they want to be in the process of seat
allocation. Aggregated threshold values for S = 1 are shown in
Table 6.2.
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Table 6.2: Aggregated Threshold values for Vg when Sp =
1 for quota-based electoral systems.

Country Year D M P Formula [y
T

Benin2 1995 18 84 16.34 Hare 0.0007
Benin3 1999 24 83 1243 Hare 0.0009
Bolivial 1979 9 117 3.5 Hare 0.0024
Bolivial 1980 9 130 4.35 Hare 0.0017
Bolivial 1985 9 130 4.53 Hare 0.0016
Bolivial 1989 9 130 5.01 Hare 0.0015
Brazill 1947 22 286 3.59 Hare 0.0009
Brazil6 1998 27 513 8.14 Hare 0.0002
Colombial 1974 26 200 2.37 Hare 0.0021
Colombial 1978 26 200 2.17 Hare 0.0023
Colombial 1982 26 200 2.08 Hare 0.0024
Colombial 1986 26 200 2.66 Hare 0.0018
Colombial 1990 26 200 2.2 Hare 0.0022
Colombia2 1991 33 161 3.3 Hare 0.0018
Colombia2 1994 33 161 2.64 Hare 0.0023
Colombia2 1998 161 3.5 Hare 0.0017

w
w

Costa Rical 1948 7 45 2.75 Hare 0,0080
Costa Rical 1953 7 45 2.11 Hare 0.0105
Costa Rical 1958 7 45  3.57 Hare 0.0062
Costa Rica2 1962 7 57 2.71 Hare 0.0064
Costa Rica2 1966 7 57  2.33 Hare 0.0075
Costa Rica2 1970 7 57  2.56 Hare 0.0068
Costa Rica2 1974 7 57 4.01 Hare 0.0043
Costa Rica2 1978 7 b7 2.88 Hare 0.0060
Costa Rica2 1982 7 57  2.53 Hare 0.0069
Costa Rica2 1986 7 b7  2.48 Hare 0.0070
Costa Rica2 1990 7 57  2.55 Hare 0.0068
Costa Rica2 1994 7 57 2.77 Hare 0.0063
Costa Rica2 1998 7 57  3.35 Hare 0.0052
El Salvadorl 1985 14 60  2.68 Hare 0.0062
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Table 6.2: Aggregated Threshold values for V* when Sp =
1 for quota-based electoral systems (cont).

Country Year D M P Formula Vi,

El Salvadorl 1988 14 60 2.75 Hare 0.0060
Guatemalal 1958 22 66  3.23 Hare 0.0046
Guatemalal 1959 22 66  5.29 Hare 0.0028
Guatemalal 1961 22 66  2.89 Hare 0.0052
Guyanal 1992 1 53 215 Hare 0.0087
Guyanal 1997 1 53 217 Hare 0.0086
Hondurasl 1985 18 128 2.14 Hare 0.0036
Hondurasl 1989 18 128 2.13 Hare 0.0036
Hondurasl 1993 18 128 2.14 Hare 0.0036
Hondurasl 1997 18 128 2.43 Hare 0.0032

Israel2 1951 1 120 5.13 Hare 0.0016
Israel2 1955 1 120 6.34 Hare 0.0013
Israel2 1959 1 120 5.17 Hare 0.0016
Israel2 1961 1 120 5.51 Hare 0.0015
Israel2 1965 1 120 4.92 Hare 0.0016
Israel2 1969 1 120 3.63 Hare 0.0022
Luxembourgl 1954 4 52 3 Droop 0,011
Luxembourgl 1959 4 52 3,26 Droop 0,0101
Luxembourgl 1964 4 56 3,5 Droop 0,0087
Luxembourgl 1968 4 56 3,49 Droop 0,0088
Luxembourgl 1974 4 59 4,26 Droop 0,0068
Luxembourgl 1979 4 59 4,16 Droop 0,007
Luxembourgl 1984 4 64 3,56 Droop 0,0077
Luxembourgl 1989 4 60 4.65 Droop 0.0062
Luxembourgl 1994 4 60 4.66 Droop 0.0062
Luxembourgl 1999 4 60 4.62 Droop 0.0063
Namibial 1994 1 72  1.69 Hare 0.0082
Namibial 1999 1 72 1.67 Hare 0.0083
Peru3 1980 25 180 4.16 Hare 0.0013
Peru4 1985 26 180 3.02 Hare 0.0018
Peru4 1990 26 180 5.02 Hare 0.0011
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Table 6.2: Aggregated Threshold values for Vg when Sp =
1 for quota-based electoral systems (cont).

Country Year D M P Formula VI,
Sierra Leone2 1996 1 68 4.55 Hare 0.0032
Slovak Rep.1 1998 1 150 5.26 Droop 0.0012

The data shown in Table 6.2 corresponds to those cases in which
all data is available. As I explained in Chapter 4, this very specific
data are required in order to apply aggregated threshold functions.
One particularly important element of the system is the data for
vector My, which indicates the distribution of district magnitudes
in the territory. As I showed earlier, when district data is miss-
ing a proxy function can be applied. However, whereas this works

fairly well for the case of Sp = 5 it does not do so for the case

of ST = 1. As a result, no proxy function was used instead in this
situation. That said, Table 6.2 includes some 69% of all the quota-
based electoral systems. The remaining 31% of missing cases are
mainly due to a lack of district data information or a lack of other
variables such as the number of parties (1993 election in Madagas-
car) or even the assembly size and the number of districts (elections
in Ecuador between 1952 and 1962)

Also note that when n = 0 expression 6.8 is reduced to

nec 1
VST:1 = m (69)

which is exactly the same function that calculates Vg

My = S4 = 1 in winner—takes-all electoral systems as I showed in
the previous chapter. Both winner-takes-all electoral systems and
Hare quota-based electoral systems establish the same aggregated
threshold value to win 1 seat in the Parliament. However, note that
when the Droop quota is used this result changes. When n = 1,
expression 6.8 above is reduced to

; when
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M, 2
pee, =42 1
Yo =y [P(Mﬁl)] (610

and it can be proved that Vg®e; when n =1 produces a higher

result than V¢, when n = 0. This can be seen using expressions

6.9 and 6.10 above.

M 2 1
¥ [Pone) 2 w1 (o4

Simplifying this inequality the following is obtained

My >1 (6.12)

which is always true by definition.

The main conclusion here is not just that Hare quota-based
electoral systems produce the same aggregated threshold values to
win 1 seat as winner-takes-all electoral systems. It is, rather, that
Hare quota-based electoral systems produce results that are more
favorable to small parties’ possibilities of winning a seat because
districts are multi-member. Recall from the previous chapter that
winner-takes-all electoral systems usually have single member dis-
tricts. Their values always refer to the minimum that large parties
in that district must achieve to win a seat. In Hare quota-based
electoral systems the aggregated threshold value to win 1 seat refers
not only to the large parties but also to medium-size or small ones.

The difference between the values produced by the two quotas
used in the database can be seen in Table 6.2. Given similar cases
do not exist in reality, a simulation will help to illustrate this idea.
Consider the electoral system used in the 1997 election in Guyana.
Here, 53 deputies were elected in a single district using the Hare
quota. A total of 2.17 effective parties participated in this election.
The minimum proportion of the vote required to win 1 seat under
this setting was 0.8%. Now suppose that instead of the Hare quota,
the electoral formula used to allocate the 53 seats is the Droop quota
and everything else remains constant. Under this new setting, the
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minimum proportion of votes to win 1 seat is 1.6%. This example

show how under the Hare quota the probability of small parties

entering the parliament is greater than under the Droop quota.
Whereas these values can provide a measure to test the electoral

system’s potential to incorporate minor parties, the values obtained

M
when applying the aggregated threshold functions when St = >

provide a measure of the difficulties the larger parties must over-
come to win a majority of seats in parliament. I present these values
in the next section.

M
Data for St = 5

Theorem 5 in Chapter 2 establishes that the combination of seats

M
that produces min Vg when ST = — in a quota-based electoral

system where there is an unequal distribution of districts is one
in which S must be distributed among all districts in My. More
specifically, seats are distributed first to the smallest districts until
these are complete, and then progressively to the larger districts.
However, none of these larger districts can be left without repre-
sentation. Larger districts must have at least 1 seat each.

When the distribution of district is equal such that My = Mp

for all My € My, then, according to theorem 6, the value of V;ec M
="
is the same for all possible combinations of seats that produce Sp =

M
- if all seats are distributed among all districts. In other words,

all combinations of seats that do not include a seat in any of the
districts produce a higher value of V;ec M-
=79
M .
As for St = 1, the aggregated threshold values for St = - in-

dicates the value below which the electoral systems does not allow
any party to win a majority of the seats in parliament. For any
party to win that number of seats it must obtain at least the ag-
gregated threshold value. To put it more simply, these values show
the easiest to meet condition to win the majority of the seats in the
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parliament. With these ideas in mind and the theorems above, the

aggregated threshold data is shown in Table 6.3

Table 6.3: Aggregated Threshold values for Ve when Sp =
% for quota-based electoral systems.

Country Year D M P Formula V"« , yree

Sr=%  Sr=%

Beninl 1991 6 64 9,62 Hare 0.4160
Benin2 1995 18 84 16,34 Hare 0.3786
Benin3 1999 24 83 1243 Hare 0.3715
Bolivial 1979 9 117 3,5 Hare 0.4493
Bolivial 1980 9 130 4,35 Hare 0.4467
Bolivial 1985 9 130 4,53 Hare 0.4461
Bolivial 1989 9 130 5,01 Hare 0.4446
Brazill 1947 22 286 3,59 Hare 0.4445
Brazil6 1998 27 513 8,14 Hare 0.4548
Colombial 1974 26 200 2,37 Hare 0.4249
Colombial 1978 26 200 2,17 Hare 0.4299
Colombial 1982 26 200 2,08 Hare 0.4325
Colombial 1986 26 200 2,66 Hare 0.4189
Colombial 1990 26 200 22 Hare 0.4291
Colombia2 1991 33 161 3,3 Hare 0.4094
Colombia2 1994 33 161 2,64 Hare 0.4192
Colombia2 1998 33 161 3,5 Hare 0.4071
Costa Rica1 1948 7 45 275 Hare 0.4121
Costa Rical 1953 7 45 2,11 Hare 0.4293
Costa Rical 1958 7 45 3,57 Hare 0.3991
Costa Rica?2 1962 7 57 2,71 Hare 0.4313
Costa Rica2 1966 7 57 2,33 Hare 0.4387
Costa Rica2 1970 7 57 2,56 Hare 0.4339
Costa Rica?2 1974 7 57 4,01 Hare 0.4166
Costa Rica2 1978 7 57 2,88 Hare 0.4286
Costa Rica2 1982 7 57 2,53 Hare 0.4345
Costa Rica2 1986 7 57 2,48 Hare 0.4355
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Table 6.3: Aggregated Threshold values for V" when Sp =
% for quota-based electoral systems (cont).

Country Year D M P Formula V"¢ Vﬂ
Sr=%  Sr=4%
Costa Rica2 1990 7 57 2,55 Hare 0.4341
Costa Rica2 1994 7 57 2,77 Hare 0.4303
Costa Rica2 1998 7 57 3,35 Hare 0.4226
El Salvadorl 1985 14 60 2,68 Hare 0.3537
El Salvadorl 1988 14 60 2,75 Hare 0.3515
Guatemalal 1958 22 66 3,23 Hare 0.2699
Guatemalal 1959 22 66 5,29 Hare 0.2297
Guatemalal 1961 22 66 2,89 Hare 0.282
Guyanal 1992 1 53 2,15 Hare 0.4993
Guyana 1 1997 1 53 2,17 Hare 0.4993
Hondurasl 1985 18 128 2,14 Hare 0.4251
Hondurasl 1989 18 128 2,13 Hare 0.4254
Hondurasl 1993 18 128 2,14 Hare 0.4251
Hondurasl 1997 18 128 2,43 Hare 0.4185
Indonesial 1999 27 462 5,05 Hare 0.4531
Israel2 1951 1 120 5,13 Hare 0.4933
Israel2 1955 1 120 6,34 Hare 0.493
Israel2 1959 1 120 5,17 Hare 0.4933
Israel2 1961 1 120 5,51 Hare 0.4932
Israel2 1965 1 120 4,92 Hare 0.4934
Israel2 1969 1 120 3,63 Hare 0.494
Liechtensteinl 1993 2 25 2,33 Hare 0.4543
Liechtensteinl 1997 2 25 2,33 Hare 0.4543
Luxembourgl 1954 4 52 3 Droop 0.4315
Luxembourgl 1959 4 52 3,26 Droop 0.4277
Luxembourgl 1964 4 56 3,5 Droop 0.4286
Luxembourgl 1968 4 56 3,49 Droop 0.4287
Luxembourgl 1974 4 59 4,26 Droop 0.4176
Luxembourgl 1979 4 59 4,16 Droop 0.4183
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Table 6.3: Aggregated Threshold values for Vg when Sy =

% for quota-based electoral systems (cont).

Country Year D M P Formula V"« . ynee
Sr=%  Sr=4%
Luxembourgl 1984 4 64 3,56 Droop 0.4366
Luxembourgl 1989 4 60 4,65 Droop 0.4248
Luxembourgl 1994 4 60 4,66 Droop 0.4248
Luxembourgl 1999 4 60 4,62 Droop 0.425
Namibial 1994 1 72 1,69 Hare 0.4943
Namibial 1999 1 72 1,67 Hare 0.4944
Nicaragual 1990 9 90 2,18 Hare 0.4458
Panamal 1960 10 53 4,71 Hare 0.3513
Perul 1962 24 182 3,39 Hare 0.4069
Peru2 1963 24 139 2,98 Hare 0.3852
Peru3 1980 25 180 4,16 Hare 0.3945
Perud 1985 26 180 3,02 Hare 0.4034
Perud 1990 26 180 5,02 Hare 0.3843
Sierra Leone2 1996 1 68 4,55 Hare 0.4885
Slovak Rep.1 1998 1 150 5,26 Droop 0.4926
Somalial 1964 47 123 3,02 Hare 0.2447

Table 6.3 shows aggregated threshold values calculated accord-
ing to function 6.7 above. It is difficult to say exactly how each
variable affects the result of the function. However, Table 6.3 does
suggest some intuitions. The lowest aggregated threshold value is
0.2297 and comes from the 1959 general election in Guatemala. The
complete electoral system used there had 22 districts, which sent 66
deputies to the lower chamber. According to the definition given in
Chapter 4, the average district magnitude given these two variables
is 3. The number of parties competing in this election was 5.29.
The highest aggregated threshold value is 0.4993 and comes from
the 1997 general election in Guyana. During this electoral process,
53 deputies were elected in a single district and an effective number
of parties of 2.17 competed for those seats. The average district
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magnitude in this case was, then, 53. Looking at the values in the
table it seems that higher values are obtained when the number of
districts is particularly low.

As Appendix A shows this intuition proves to be true. Theorems
7 and 8 show how the number of districts is inversely proportional
to the proportion of the vote required to win the majority of seats in
parliament. In other words, the higher the number of districts the
lower the minimum proportion of votes required to win Sp = %
seats in the parliament. These two theorems explain why higher
values can be found in those complete electoral systems where the
number of districts is close to 1.

Table 6.3 also shows values calculated using a proxy function.
As explained in Chapter 4, this function is applied in the event of
missing data. This proxy function is applied more specifically when
the vector containing all district magnitudes is missing, My. For
quota-based electoral systems, the proxy function has the following
form:

~

/@_P(S—l)—i-l—i-n
P(M + n)

i (6.13)

where M refers to average district magnitude and S refers to aver-
age seats. Both concepts are defined in Chapter 4 and are calculated
using the following forms,

M
M=— 6.14
D ( )
and
. MSy
S = 6.15

M
When Sp = - and M, is missing, expression 6.13 above can be

simplified as



154/ Aggregated Threshold Functions.

‘7@ _ P(M —2D)+2D(1+mn)
St 2P(M + Dn)

(6.16)

This proxy function is used for about 12.5% of the cases shown
in Table 6.3. As for these cases, it seems that there is a clear
pattern relating lower aggregated threshold values to lower average
magnitudes.

Quota-based electoral systems account for only about 35% of the
cases classified as party-list proportional representation electoral
system. The remaining 65% corresponds to divisor-based systems.
The next section focuses on these electoral systems.

6.2 Divisor-based Electoral Systems.

A second type of proportional representation electoral formulae is a
method based on a criterion of divisors (Penadés 2000: 92-119).The
main difference with quota-based electoral formulae is that there is
no pre-established size of a divisor (like My + n in quota-based
methods). A divisor, X, must be found to enable us to calculate
the averages needed in order to be allocate the M, seats®. Divisor-
based electoral formulae are defined, as Penadés remarks (2000),
around the concept of a constant non-negative divisor criterion.
This is an adjustment rule

c(SY) = S5 +cfor ST >0 (6.17)

where c is the adjustment term. This definition includes any elec-
toral formulae in which the rule to allocate Sg seats for any political
party p and any divisors X must fulfil,®

3For a discussion about how to calculate the divisor X see Balinsky and
Young (1982) and Penadés (2000)

*These rules are pre-established, so for example, for d"Hondt, the criterién
is ¢(S%) = S4+1. This means that in order to get S% seats, party p must fulfil
the following restriction

gp<¥d < g 4 g
d— X — Md
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VP
Sg—l—l—cgyngg%—c (6.18)

Where ¢, the adjustment term, is a real number ¢ > 0 and

P
> Sh =My
p=1

What inequality 6.18 shows is how to adjust seats when the
votes of party p divided by divisor X does not produce an inte-
ger number. To see the functioning of this method, the following
example illustrates how seats are distributed using a divisor-based
electoral formula.

Table 6.4: Seat allocation using the Sainte-Lagué algorithm
Parties Votes (V) V%4/0.5 V%/15 V9/25 V!/35 Seats

A 420 840 280 168 120 2
B 370 740 246.6 148 105.7 1
C 180 360 120 72 51.4 1
D 30 60 20 12 8.6 0
Total 1000 4

Table 6.4 shows an electoral systems in which 4 political par-
ties compete for 4 seats that are allocated using the Sainte-Lagué
electoral formula. The algorithm used to calculate the number of
seats each party wins divides the parties total number of votes by
a numerical series. In the case of Sainte-Lagué (S-L) this numerical
series is: 1, 3, 5, 7 or 0.5, 1.5, 2.5, 3,5. The votes are divided as
many times as there are seats to be allocated. Those parties that
get the higher averages win that many seats. The table shows how
party A has the two highest averages, so wins 2 seats. The remain-
ing two seats are distributed between party B and party C since
these two parties also get 1 highest average each.

For Sainte-Lagué is ¢(S%) = S7+0.5 or
SP—05 < YL < SP4+0.5 (See Penadés 2000:86-92)
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In order to apply expression 6.18 a value for X must be found.
In the case of Sainte-Lagué this value can be the lowest of the
winning higher averages as shown in Table 6.4 (Penadés 2000:88).
In this case, X = 280. Using the X value, the following averages
are obtained.

Table 6.5: Seat allocation using a Sainte-Lagué divisor
Mgy, = 4; ¢ = 0.5 (Sainte-Lagué); X = 280
P

Parties | Votes V—d Seats allocated
A 420 1.5 2
B 370 1.32 1
C 180 0.64 1
D 30 0.10 0
Total 1000 4

Looking at Table 6.5 the following questions can be formulated.
Why does party B obtain 1 seat and not 2 like A7 Why does party
D win 0 instead of 17 These questions are answered precisely by
the adjustment rule ¢(Sy) for S = 1. To find out the number of
seats that party B has won, one just needs to apply this adjustment
rule 6.18:

1-1+05<13<1+05 (6.19)

which is equals to

05<13<15 (6.20)
Vp

In other words, any Yd which falls within the interval [0.5, 1.5]
will be adjusted as 1. Following the same logic, party A would get
2 seats and party C the remaining 1, leaving party D with no seats.
It is easy to see how the smaller the value of the adjustment
term, ¢, the easier it is to win a seat. Lower values of the adjustment
term take the lower bound of the interval closer to 0 and the upper
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bound of the interval closer to Sg. So, the smaller the value of c,
the more proportional the results obtained.

6.2.1 Data for Divisor-based Electoral Systems.

Divisor-based electoral formulae are mostly used in party-list pro-
portional representation electoral systems. In fact, 28 countries
used this type of electoral formula in 170 general elections between
1945-2000. Figure 6.3 shows the distribution of both quota- and
divisor-based electoral systems in 7 regions of the world. Contrast-
ing with Figure 6.1 above, this chart shows how divisor-based elec-
toral systems are clearly concentrated in Western Europe. Divisor-
based electoral systems are used to a similar extent as quota-based
systems in Latin America, while the rest of the world rarely uses
them. In Western Europe, 9 out of 15 countries included in the
database used some type of divisor-based electoral formula between
1945-2000.

Furthermore, Figure 6.4 reveals that the d’Hondt electoral for-
mulae is the most widely used electoral formulae in all the regions
of the world where divisors-based electoral systems are adopted.
Others divisor-based electoral formulae such as Sainte-Lagué (S-L)
and Modified Sainte-Lagué (Mod. S-L) are used only in a few cases.
The Sainte-Lagué electoral formula was used, for example, for the
general election in Bolivia in 1993, as well as for the 1993, 1995 and
1998 general elections in Latvia. The modified Sainte-Lagué elec-
toral formula is used mainly in the Scandinavian countries. Thus,
this method was used in Norway and Sweden between 1953-1985
and 1948-1968 respectively.

The information provided in Figure 6.4 is rich and raises inter-
esting questions for further research. As in quota-based electoral
formula, different types of divisor-based formulae produce different
degrees of proportionality. So, the d’Hondt electoral formula, ¢ = 1,
is less proportional than the Sainte-Lagué, ¢ = 0.5. Why, then, is
d’Hondt the most preferred divisor-based electoral formulae? Why
are divisor-based electoral systems mostly adopted in Europe and
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Figure 6.3: Quota and divisor-based electoral systems used between
1945-2000
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Latin America and not in Asia or Africa? These, again, are impor-
tant and fundamental questions that deserve further attention in
the future.

Data for S;p =1

As already mentioned, the aggregated threshold function for divisor-
based electoral systems has the following form,

D
My Sqg—1+c
Vaee = — | —— 6.21
51 ;M<Md—1+Pc) (6:21)
Also recall theorem 1 from Chapter 3. This established the
combination of seats among all districts that produces min Vg for
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Figure 6.4: Distribution of divisor-based electoral formula around
the World between 1945-2000.
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St = 1. More specifically, that theorem establishes that given a
complete electoral system with a divisor-based electoral formula, c,
and where the number of seats in the parliament, M, is distributed
unevenly among all districts, D, the combination of seats that pro-
duces min ngo for S = 1 is that in which the seat is won in the
smallest district.

Considering theorem 1, note that expression 6.21 above adopts
the following form when Sy =1,

M, c
pee = 4 — 22
Vor =1 (Md—1+Pc) (6.22)
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where My = min M, € M.

The value of this new function gives us the lowest value that
any party must obtain in order to be in a position to win a seat
in the parliament. Table 6.6 shows these values for those electoral

systems that have used divisor-based electoral formula at some time
between 1945-2000.

Table 6.6: Aggregated Threshold values for VEre when Sp =
1 for divisor-based electoral systems.

Country Year D M P Formula VI,
Argentinab 1983 24 254 2.63 d’Hondt  0.002
Argentinab 1985 24 127 4.24 d’Hondt  0.003
Argentinab 1987 23 127 3.14 d’Hondt 0.003
Argentina7 1989 24 119 3.35 d'Hondt 0.003
Argentina7 1991 24 130 3.57 d’Hondt 0.003
Argentina7 1993 24 128 3.37 d’Hondt 0.003
Argentina7 1995 24 128 3.58 d’Hondt 0.003
Argentina7 1997 24 127 3.65 d’Hondt 0.003
Argentina7 1999 24 131 3.15 d’Hondt 0.003

Bolivia2 1993 9 130 4.66 S-L 0.0032
Brazil2 1950 25 304 7.11 d’Hondt 0.0004
Brazil2 1954 25 326 8.69 d’Hondt 0.0003
Brazil2 1958 25 326 9.82 d’Hondt 0.0003
Brazil3 1962 25 404 11.17 d’Hondt 0.0002
Brazil4 1982 25 479 2.65 d’Hondt 0.0014
Brazilb 1986 27 495 3.55 d’Hondt 0.0012
Brazil5 1990 27 503 9.79 d’Hondt 0.0009
Brazil 1994 27 513 853 d’Hondt 0.0010

Bulgarial 1991 31 240 4.12 d’Hondt 0.0023

Bulgarial 1994 31 240 3.81 d’Hondt 0.0024

Bulgarial 1997 31 240 3.02 d'Hondt 0.0027

Chilel 1961 28 147 6.44 d’Hondt 0.0010
Chile3 1993 60 120 6.55 d’Hondt 0.0022
Chile3 1997 60 120 6.95 d’Hondt 0.0020
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Table 6.6: Aggregated Threshold values for Vg when Sp =

1 for divisor-based electoral systems (cont).

Country Year D M P Formula V&,
Dominican Rep.1 1966 27 74 2.2 d’Hondt 0.0084
Dominican Rep.1 1970 27 74 2.9 d’Hondt 0.0069
Dominican Rep.2 1974 27 91 1.35 d’Hondt 0.0093
Dominican Rep.2 1978 27 91 2.23 d’Hondt 0.0068
Dominican Rep.3 1982 27 120 2.76 d’Hondt 0.0044
Dominican Rep.4 1986 30 120 3.19 d Hondt 0.0039
Dominican Rep.4 1990 30 120 3.22 d’Hondt 0.0039
Dominican Rep.4 1994 30 120 2.71 d’Hondt 0.0044
Dominican Rep.5 1998 30 150 2.73 d’Hondt 0.0035

Finland1 1948 15 200 4.9 d’Hondt 0.0010

Finland1 1951 15 200 4.96 d’Hondt 0.0010

Finland2 1954 16 200 4.98 d’Hondt 0.0010

Finland2 1958 16 200 5.19 d’Hondt 0.0009

Finland3 1962 15 200 5.86 d’Hondt 0.0008

Finland3 1966 15 200 5.22 d’Hondt 0.0009

Finland3 1970 15 200 6.17 d’Hondt 0.0008

Finland3 1972 15 200 5.95 d’Hondt 0.0008

Finland3 1975 15 200 5.89 d’Hondt 0.0008

Finland3 1979 15 200 5.74 d’Hondt 0.0008

Finland3 1983 15 200 5.45 d’Hondt 0.0009

Finland3 1987 15 200 6.15 d’Hondt 0.0008

Finland3 1991 15 200 5.89 d’Hondt 0.0008

Finland3 1995 15 200 5.77 d’Hondt 0.0008

Finland3 1999 15 200 5.93 d’Hondt 0.0008

Israell 1949 1 120 5.36 d’Hondt 0.0015
Israel3 1973 1 120 3.81 d’Hondt 0.0021
Israel3 1977 1 120 5.01 d’Hondt 0.0016
Israel3 1981 1 120 3.56 d’Hondt 0.0023
Israel3 1984 1 120 4.3 d"Hondt  0.0019
Israel3 1988 1 120 5.01 d’Hondt 0.0016
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Table 6.6: Aggregated Threshold values for V* when Sp =
1 for divisor-based electoral systems (cont).

Country Year D M P Formula Vi,
Israel3 1992 1 120 4.87 d’Hondt 0.0017
Israel3 1996 1 120 5.85 d’Hondt 0.0014
Israel3 1999 1 120 9.74 d’Hondt 0.0008
Latvial 1993 5 100 6.21 S-L 0.0045
Latvial 1995 5 100 9.61 S-L 0.0042
Latvial 1998 5 100 6.94 S-L 0.0044

Moldoval 1998 1 104 5.73 d’Hondt 0.0016

Netherlandsl 1946 1 100 4.68 d’Hondt 0.0021
Netherlandsl 1948 1 100 4.98 d’Hondt 0.0020
Netherlandsl 1952 1 100 4.99 d’Hondt 0.0020
Netherlands2 1956 1 150 4.26 d’Hondt 0.0015
Netherlands2 1959 1 150 4.46 d’Hondt 0.0014
Netherlands2 1963 1 150 4.79 d’Hondt 0.0013
Netherlands2 1967 1 150 6.2 d"Hondt  0.0010
Netherlands2 1971 1 150 7.09 d’Hondt 0.0009
Netherlands2 1972 1 150 6.85 d’Hondt 0.0009
Netherlands2 1977 1 150 3.96 d’Hondt 0.0016
Netherlands2 1981 1 150 4.56 d’Hondt 0.0014
Netherlands2 1982 1 150 4.23 d’Hondt 0.0015
Netherlands2 1986 1 150 3.77 d’Hondt 0.0017
Netherlands2 1989 1 150 3.9 d’Hondt 0.0017
Netherlands2 1994 1 150 5.7 d’Hondt 0.0011
Netherlands?2 1998 1 150 5.13 d’Hondt 0.0012

Norway1l 1949 29 150 3.76 d’Hondt 0.0034

Norway2 1953 20 150 3.53 Mod.S-L  0.0027

Norway?2 1957 20 150 3.44 Mod.S-L.  0.0028

Norway2 1961 20 150 3.59 Mod.S-L  0.0027

Norway?2 1965 20 150 3.9 Mod.S-L  0.0026

Norway?2 1969 20 150 3.61 Mod.S-L  0.0027

Norway3 1973 19 155 4.63 Mod.S-L.  0.0024
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Table 6.6: Aggregated Threshold values for Vg when Sp =
1 for divisor-based electoral systems (cont).

Country Year D M P Formula V&,
Norway3 1977 19 155 3.85 Mod.S-L.  0.0026
Norway3 1981 19 155 3.92 Mod.S-L  0.0026
Norway3 1985 19 155 3.63 Mod.S-L.  0.0026
Portugal2 1979 20 246 3 d“Hondt 0.0027
Portugal2 1980 20 246 2.88 d’Hondt 0.0027
Portugal2 1983 20 246 3.73 d’Hondt 0.0024
Portugal2 1985 20 246 4.77 d’Hondt 0.0018
Portugal2 1987 20 246 2.98 d’Hondt 0.0024
Portugal2 1991 20 226 2.86 d’Hondt 0.0027
Portugal2 1995 20 226 3.09 d’Hondt 0.0026
Portugal2 1999 20 226 3.19 d’Hondt 0.0025
Spainl 1977 52 350 4.29 d’Hondt 0.0006
Spainl 1979 52 350 4.25 d’Hondt 0.0006
Spainl 1982 52 350 3.18 d’Hondt 0.0008
Spainl 1986 52 350 3.59 d’Hondt 0.0008
Spainl 1989 52 350 4.08 d’Hondt 0.0007
Spainl 1993 52 350 3.5 d’Hondt 0.0008
Spainl 1996 52 350 3.27 d’Hondt 0.0008
Spainl 2000 52 350 2,99 d’Hondt 0.0009
Surinamel 1991 10 51  2.69 d’Hondt 0.0106
Surinamel 1996 10 51 3.62 d’Hondt 0.0084
Surinamel 2000 10 51 3.77 d’Hondt 0.0082
Swedenl 1948 28 230 3.35 d’Hondt 0.0024
Sweden2 1952 28 230 3.28 Mod.S-L.  0.0017
Sweden2 1956 28 231 3.37 Mod.S-L.  0.0017
Sweden2 1958 28 231 3.31 Mod.S-L. 0.0017
Sweden2 1960 28 232 3.26 Mod.S-L.  0.0017
Sweden2 1964 28 233 3.42 Mod.S-L.  0.0017
Sweden2 1968 28 233 3.18 Mod.S-L.  0.0017

Switzerland1 1947 25 194 5.34 d’Hondt 0.0009
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Table 6.6: Aggregated Threshold values for V* when Sp =
1 for divisor-based electoral systems (cont).

Country Year D M P Formula Vi,

Switzerland1 1951 25 196 5.09 "Hondt  0.0010
Switzerland1 1957 25 196 4.96 "Hondt  0.0010
Switzerland1 1959 25 196 5.04 "Hondt  0.0010
Switzerland1 1963 25 200 5 "Hondt  0.0010
Switzerland1 1967 25 200 5.54 "Hondt  0.0009
Switzerland1 1971 25 200 6.16 "Hondt  0.0008
Switzerland1 1975 25 200 5.78 "Hondt  0.0008
Switzerland2 1979 26 200 5.5 "Hondt  0.0009
Switzerland2 1983 26 200 5.99 "Hondt  0.0008
Switzerland2 1987 26 200 6.8 "Hondt  0.0007
Switzerland2 1991 26 200 7.34 "Hondt  0.0006
Switzerland2 1995 26 200 6.82 "Hondt  0.0007
Switzerland2 1999 26 200 5.86 "Hondt  0.0008
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Turkey4 1995 83 550 6.14 “Hondt  0.0005
Uruguayl 1946 1 99 3.08 "Hondt 0.0032
Uruguayl 1950 1 99  2.65 "Hondt 0.0038
Uruguayl 19564 1 99 2.6 "Hondt  0.0038
Uruguayl 1958 1 99  2.55 "Hondt  0.0039
Uruguayl 1962 1 99 24 "Hondt  0.0042
Uruguayl 1966 1 99 244 "Hondt  0.0041
Uruguayl 1971 1 99 274 "Hondt 0.0036
Uruguay?2 1989 1 99 338 "Hondt  0.0029
Uruguay?2 1994 1 99 3.35 "Hondt  0.0030
Uruguay?2 1999 1 99 3.12 "Hondt  0.0032

Table 6.6 shows results for 138 general elections held in 17 coun-
tries in the period 1945-2000. These values are obtained from those
cases in which there exists data for all the variables. Cases with
missing data are not included and no proxy function is applied in
these cases (for the reasons given above). The values shown in Table
6.6 can be considered as the frontier that must always be crossed to
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win 1 seat in the parliament. As for quota-based electoral systems,
these values must be considered in contrast with other institutional
settings such as legal thresholds. Wherever legal thresholds exist,
they must be contrasted with aggregated threshold values. The
higher value must be considered as the necessary condition to fulfil
in order to win 1 seat.

As is the case in winner-takes-all and quota-based electoral sys-
tems, the necessary condition to win 1 seat in the parliament is
extremely low. The data in Table 6.6 suggests that lower values are
obtained when we find a combination of a large parliament, a large
number of parties and very small districts. This is the case of the
lowest aggregated threshold value obtained from the complete elec-
toral system used in the 1964 general election in Brazil. There, 404
member were elected in 20 districts, the smallest of which was uni-
nominal, and where 11.17 parties competed in an electoral system
that used the d’Hondt electoral formula. The aggregated thresh-
old value to win 1 seat produced by all these variables is 0.02%.
In contrast, the highest aggregated threshold value is obtained in
complete electoral systems with relatively small parliaments and
a small number of parties. For example, in Surinam in 1991 51
members of parliament where elected in 10 multimember districts,
the smallest of which had size 2. In that election the number of
competing parties was 2.69 in a electoral system that also used the
d’Hondt electoral formula. The aggregated threshold value to win
1 seat in this complete electoral system was 1.06%. This is a much
higher value than 0.02% obtained for the 1964 general election in
Brazil.

The effect of the electoral formula cannot be appreciated in
Table 6.6 unless a simulation is performed. Take for example the
case of the 1993 general election in Latvia. Given that in a complete
electoral system where the Sainte-Lagué is used the threshold value
for winning 1 seat is 0.45%. Suppose now that, ceteris paribus, the
Sainte-Lagué is substituted by the d’Hondt electoral formula. In
this case, and holding everything equal, the aggregated threshold
value would be about 0.8%, which is significantly higher than the



166/ Aggregated Threshold Functions.

value produced when applying the Sainte-Lagué electoral formula.
The small parties are much less likely to win a seat in the parliament
in complete electoral systems that use the Sainte-Lagué as opposed
to the d’Hondt electoral formula.

M
Data for S = -5

The aggregated threshold value when the total number of seats

M
is the majority of the parliament, Sp = —, tells the share of

votes below which it is impossible for any party to win that num-
ber of seats in the whole territory. This value is obtained from a
particular combination of seats. For divisor-based electoral sys-
tems, this combination of seats is introduced by theorems 3 and 4
in Chapter 3.

Theorem 3 explains that for a given complete electoral system
with a divisor-based electoral formula where the number of seats
in the parliament is distributed unequally among all districts, the

combination of seats that produces min Vg when Sy = -5 de-

pends on the value of c:

a) If ¢ = 1, then the combination of seats that produces min Vgrie,is
one in which the St seats are distributed in all small districts.
More specifically, seats will be distributed first to the smallest
district, then to the second smallest district, and so on until
the total number of St is reached.

b) For ¢ = 0.5 the combination of seats that produces min Vs,

is one in which St must be distributed among all districts in
M, Seats are distributed as in a), to the smallest districts
until completed and then to the larger districts in succession.
However, none of these larger districts can go without repre-
sentation. Larger districts must have at least 1 seat each.

For those cases in which seats are distributed equally among all
districts, i.e. My = Mp for all My € My, theorem 4 tells us that



P.R. Electoral Systems/ 167

the combination of seats that produces min Ve

obtained when the following conditions hold.

a) The value of

M
when ST = ) is

Vg;‘fc is the same for all possible combinations of
seats that produce St when ¢ = 1.

b) However, if ¢ = 0.5, then, the value of Vgi©is the same for all
possible combinations of seats that produce Sy if all seats are
distributed among all districts. In other words, all particular
combinations of seats that do not include a seat in any of the

districts produce a higher value of

nec
Ve

Applying these two theorems to expression 6.21 above the ag-

gregated threshold values for Sp = 3 is obtained. These values

are shown in Table 6.7.

Table 6.7: Aggregated Threshold values for VEr© when Sp =
% for divisor-based electoral systems.

Country Year D M P Formula V"« . yree
Sr=%  Sr=4%
Argentina3 1963 23 192 5.57 d Hondt 0.3231
Argentina3 1965 23 192 487 d’Hondt 0.2593
Argentinad 1973 24 243 3.19 d Hondt 0.4111
Argentinab 1983 24 254 263 d’Hondt 0.3993
Argentinab 1985 24 127 424 d’Hondt  0.2549
Argentina6 1987 23 127 3.14 d’Hondt 0.3114
Argentina7 1989 24 119 3.35 d’Hondt  0.2909
Argentina7 1991 24 130 3.57 d'Hondt  0.2836
Argentina7 1993 24 128 3.37 d’Hondt  0.2903
Argentina7 1995 24 128 3.58 d’Hondt  0.2802
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Table 6.7: Aggregated Threshold values for Vg when Sp =

% for divisor-based electoral systems (cont).

—
ne

Country Year D M P Formula V©¢ , — Vn"e
Sr="%  Sp=2
Argentina7 1997 24 127 3.65 d’Hondt  0.2794
Argentina7 1999 24 131 3.15 d’Hondt 0.3085
Bolivia2 1993 9 130 4.66 S-L 0.4148
Brazil2 1950 25 304 7.11 d’Hondt  0.3017
Brazil2 1954 25 326 8.69 d'Hondt  0.2837
Brazil2 1958 25 326 9.82 d'Hondt  0.2676
Brazil3 1962 25 404 11.17 d’Hondt  0.2814
Brazil4 1982 25 479 2.65 d'Hondt  0.4429
Brazilb 1986 27 495 3.55 d Hondt 0.414
Brazilb 1990 27 503 9.79 d’Hondt  0.2968
Brazilb 1994 27 513 853 d’Hondt 0.3161
Bulgarial 1991 31 240 4.12 d'Hondt 0.3331
Bulgarial 1994 31 240 3.81 d’Hondt 0.343
Bulgarial 1997 31 240 3.02 d’Hondt  0.3752
Cape Verdel 1991 25 79 1.81 d’Hondt 0.3979
Cape Verde2 1995 19 72  2.13 d’'Hondt 0.3851
Chilel 1949 28 147 7.05 d’Hondt 0.2323
Chilel 1953 28 147 11.56 d Hondt 0.1660
Chilel 1957 28 147 8.59 d’Hondt 0.2044
Chilel 1961 28 147 6.44 d’Hondt  0.2101
Chilel 1965 28 147 4.06 d Hondt 0.3158
Chilel 1969 28 150 4.92 d’ Hondt 0.2887
Chile2 1973 29 152 5.3  d’Hondt 0.2746
Chile3 1993 60 120 6.55 d'Hondt 0.1325
Chile3 1997 60 120 6.95 d'Hondt  0.1258
Dominican Rep.1 1966 27 74 2.2 d’Hondt  0.3125
Dominican Rep.1 1970 27 74 2.9 d"Hondt  0.2564
Dominican Rep.2 1974 27 91 135 d’Hondt  0.4369
Dominican Rep.2 1978 27 91 2.23 d’Hondt  0.3267
Dominican Rep.3 1982 27 120 2.76 d’'Hondt  0.3042
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% for divisor-based electoral systems (cont).

Country Year D M P Formula V"¢ yree
Sr=4%  Sr=4
Dominican Rep.4 1986 30 120 3.19 d’Hondt 0.2674
Dominican Rep.4 1990 30 120 3.22 d’Hondt  0.2657
Dominican Rep.4 1994 30 120 2.71 d’Hondt  0.2972
Dominican Rep.5 1998 30 150 2.73 d“Hondt 0.32
Finland1 1948 15 200 4.9 d'Hondt  0.3614
Finland1 1951 15 200 4.96 d’Hondt 0.3674
Finland2 1954 16 200 4.98 d’Hondt 0.3675
Finland2 1958 16 200 5.19 d’Hondt 0.3621
Finland3 1962 15 200 5.86 d Hondt 0.352
Finland3 1966 15 200 5.22 d’Hondt  0.3645
Finland3 1970 15 200 6.17 d’Hondt  0.3428
Finland3 1972 15 200 5.95 d’Hondt  0.3475
Finland3 1975 15 200 5.89 d’Hondt  0.3481
Finland3 1979 15 200 5.74 d’Hondt  0.3467
Finland3 1983 15 200 5.45 d’Hondt  0.3551
Finland3 1987 15 200 6.15 d’Hondt  0.3389
Finland3 1991 15 200 5.89 d’Hondt 0.3436
Finland3 1995 15 200 5.77 d’Hondt  0.3463
Finland3 1999 15 200 5.93 d’Hondt 0.3423
Francel 1946 102 544 4.65 d Hondt 0.2967
France3 1986 96 556 4.66 d Hondt 0.3063
Guatemalal 1966 22 55 2.83 d’ Hondt 0.2886
Guatemala2 1970 22 55 2.83 d’Hondt 0.2886
Israell 1949 1 120 5.36 d’Hondt  0.4825
Israel3 1973 1 120 3.81 d'Hondt  0.4886
Israel3 1977 1 120 5.01 d’Hondt  0.4838
Israel3 1981 1 120 3.56 d’ Hondt  0.4896
Israel3 1984 1 120 4.3 d"Hondt 0.4866
Israel3 1988 1 120 5.01 d’Hondt  0.4838
Israel3 1992 1 120 4.87 d’Hondt 0.4844
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Table 6.7: Aggregated Threshold values for Vg when Sp =
% for divisor-based electoral systems (cont).

—
ne

Country Year D M P Formula V©¢ , — Vn"e

Sr=4%  Sp=4
Israel3 1996 1 120 5.85 d’Hondt  0.4806
Israel3 1999 1 120 9.74 d’Hondt  0.4661
Latvial 1993 5 100 6.21 S-L 0.4298
Latvial 1995 5 100 9.61 S-L 0.3991
Latvial 1998 5 100 6.94 S-L 0.4228
Moldoval 1998 1 104 5.73 d’Hondt 0.4782
Netherlandsl 1946 1 100 4.68 d’Hondt  0.4823
Netherlandsl 1948 1 100 4.98 d’Hondt 0.4809
Netherlandsl 1952 1 100 499 d’Hondt  0.4808
Netherlands2 1956 1 150 4.26 d’Hondt  0.4894
Netherlands?2 1959 1 150 4.46 d’Hondt  0.4884
Netherlands2 1963 1 150 4.79 d’Hondt  0.4877
Netherlands?2 1967 1 150 6.2 d"Hondt  0.4832
Netherlands2 1971 1 150 7.09 d’Hondt  0.4805
Netherlands2 1972 1 150 6.85 d’Hondt  0.4812
Netherlands2 1977 1 150 3.96 d’Hondt  0.4903
Netherlands2 1981 1 150 4.56 d’Hondt 0.4884
Netherlands2 1982 1 150 4.23 d’Hondt  0.4895
Netherlands2 1986 1 150 3.77 d’Hondt  0.4909
Netherlands?2 1989 1 150 3.9 d 'Hondt  0.4905
Netherlands2 1994 1 150 5.7 d"Hondt  0.4848
Netherlands?2 1998 1 150 5.13 d’Hondt  0.4866
Norway1 1949 29 150 3.76 d'Hondt  0.3093
Norway?2 1953 20 150 3.53 Mod.S-L  0.3841
Norway?2 1957 20 150 3.44 Mod.S-L.  0.3864
Norway2 1961 20 150 3.59 Mod.S-L.  0.3821
Norway?2 1965 20 150 3.9 Mod.S-L.  0.3735
Norway3 1969 20 150 3.61 Mod.S-L  0.3815
Norway3 1973 19 155 4.63 Mod.S-L.  0.3492
Norway3 1977 19 155 3.85 Mod.S-L 0.368
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% for divisor-based electoral systems (cont).

Country Year D M P Formula V"¢ yree
Sr=%  Sr=4%
Norway3 1981 19 155 3.92 Mod.S-L  0.3662
Norway3 1985 19 155 3.63 Mod.S-L.  0.3735
Portugall 1976 22 259 4 d “Hondt 0.4059
Portugal2 1979 20 246 3 d "Hondt 0.399
Portugal2 1980 20 246 2.88 d’Hondt  0.4034
Portugal2 1983 20 246 3.73 d'Hondt  0.3722
Portugal2 1985 20 246 4.77 d’Hondt  0.3409
Portugal2 1987 20 246 298 d'Hondt  0.3996
Portugal2 1991 20 226 2.86 d’Hondt 0.3975
Portugal2 1995 20 226 3.09 d’Hondt  0.3856
Portugal2 1999 20 226 3.19 d’Hondt  0.3847
San Marinol 1993 10 60 3.68 d Hondt 0.3456
San Marinol 1998 10 60 3.73 d’Hondt 0.3436
Sao Tomel 1991 7 55 2,51 d’'Hondt 0.4194
Sao Tomel 1994 7 55 3.2 d "Hondt 0.3906
Sao Tomel 1998 7 55 2.74 d’Hondt 0.4093
Spainl 1977 52 350 4.29 d’Hondt  0.2973
Spainl 1979 52 349 4.25 d’Hondt  0.2996
Spainl 1982 52 350 3.18 d’Hondt  0.3436
Spainl 1986 52 348 3.59 d’Hondt  0.3237
Spainl 1989 52 348 4.08 d’Hondt  0.3045
Spainl 1993 52 350 3.5 d "Hondt 0.327
Spainl 1996 52 350 3.27 d’Hondt  0.3371
Spainl 2000 52 350 2.99 d’Hondt  0.3509
Surinamel 1991 10 51  2.69 d'Hondt  0.3407
Surinamel 1996 10 51 3.62 d’Hondt  0.2888
Surinamel 2000 10 51  3.77 d’Hondt  0.2819
Swedenl 1948 28 230 3.35 d’Hondt  0.3687
Sweden2 1952 28 230 3.28 Mod.S-L  0.4194
Sweden2 1956 28 231 3.37 Mod.S-L 0.4167
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Table 6.7: Aggregated Threshold values for Vg when Sp =
% for divisor-based electoral systems (cont).

—
ne

Country Year D M P Formula V©¢ , — Vn"e
ST=7 ST=7

Sweden?2 1958 28 231 3.31 Mod.S-L.  0.4185

Sweden?2 1960 28 232 3.26 Mod.S-L.  0.4181

Sweden?2 1964 28 233 3.42 Mod.S-L. 04116

Sweden?2 1968 28 233 3.18 Mod.S-L.  0.4186

Switzerland1 1947 25 194 5.34
Switzerland1 1951 25 196 5.09
Switzerland1 1957 25 196 4.96
Switzerland1 1959 25 196 5.04
Switzerland1 1963 25 200 5
Switzerland1 1967 25 200 5.54
Switzerland1 1971 25 200 6.16
Switzerland1 1975 25 200 5.78
Switzerland2 1979 26 200 5.5
Switzerland2 1983 26 200 5.99
Switzerland2 1987 26 200 6.8 "Hondt  0.2556
Switzerland2 1991 26 200 7.34 "Hondt  0.2453

d’Hondt  0.2869
d
d
d
d
d
d
d
d
d
d
d
Switzerland2 1995 26 200 6.82 d’Hondt  0.2552
d
d
d
d
d
d
d
d
d
d
d
d
d

"Hondt 0.2951
"Hondt  0.2987
"Hondt 0.2965
"Hondt 0.3

"Hondt  0.2858
"Hondt  0.2712
"Hondt  0.2825
"Hondt 0.2847
"Hondt 0.273

Switzerland2 1999 26 200 5.86 "Hondt 0.276
Turkeyl 1961 67 450 34 “Hondt 0.3684
Turkey2 1969 67 450 3.3 "Hondt 0.3725
Turkey2 1973 67 450 4.3 "Hondt 0.3353
Turkey2 1977 67 450 3.12 "Hondt 0.3800
Turkey3 1983 83 450 2.85 "Hondt 0.3727
Turkey4 1995 83 550 6.14 "Hondt  0.2439
Turkeyb 1999 84 550 6.76 "Hondt 0.2660
Uruguayl 1946 "Hondt  0.4947
Uruguayl 1950 ‘Hondt  0.4968
Uruguayl 1954 “Hondt 0.497
Uruguayl 1958 “Hondt  0.4973
Uruguayl 1962 “Hondt 0.498

99  3.08
99  2.65
99 2.6
99  2.55
99 24

—_ = e
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Table 6.7: Aggregated Threshold values for V* when Sp =

% for divisor-based electoral systems (cont).

Country Year D M P Formula V"« . yree
St= 2 St= o5
Uruguayl 1966 1 99 244 d’Hondt  0.4978
Uruguayl 1971 1 99 274 d’Hondt  0.4963
Uruguay2 1989 1 99 3.38 d’Hondt  0.4932
Uruguay?2 1994 1 99 3.35 d’Hondt  0.4933
Uruguay2 1999 1 99 3.12 d’'Hondt 0.4945
Venezuelal 1947 23 110 1.87 d'Hondt 0.4230
Venezuela2 2000 24 165 4.17 d’Hondt 0.3422

Table 6.7 shows aggregated threshold values for 167 democratic
elections held in 25 countries in the period 1945-2000. These values
suggest similar conclusions to those reached from Table 6.3 above.
Lower aggregated threshold values are obtained in those complete
electoral systems where district magnitudes are small and where
the number of parties is high. The general elections in Chile in
1997 provide the lowest aggregated threshold value in Table 6.7.
The complete electoral system used for this election had 120 mem-
bers of parliament distributed in 60, two-members-districts. The
number of competing parties was 6.95, and the electoral formula
used to allocate seats was the d’Hondt. The aggregated threshold
function to win the majority of the seats in the parliament given
this complete electoral system is 0.1258. In other words, to win 60
seats a party must win at least 12.58% of the votes. This relatively
low value is not surprising since the design of the electoral system
is similar to winner-takes-all electoral systems given the small size
of districts.

One clear contrast with the aggregated threshold value for the
1997 general election in Chile was the value obtained in the 1962
general election in Uruguay. The complete electoral system used in
this case had a single district which elected 99 member and also used
the d’Hondt electoral formula. The number of parties competing
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for those seats was 2.4. The aggregated threshold value obtained
given this institutional setting is 0.498. If full proportionality is
understood as meaning that the parties’ respective share of the vote
is the same as their share of the seats, then the complete electoral
system used in the 1962 election in Uruguay is pretty close to being
an example of this.

As for Sy = 1, Table 6.7 does not clearly reveal the effect of
the electoral formula. Once again, a simulation must be carried out
in order to discover this. Take, once more, the case of the general
election held in Latvia in 1993, when 100 seats were contested in
5 districts each with 20 members. The number of parties was 6.21
and the electoral formula used was Sainte-Lagué. This institutional
setting produced an aggregated threshold value of 0.4298. To ap-
preciate the effect of a less proportional electoral formula such as
d’Hondt, the value of ¢ is changed from 0.5 to 1 and everything
else is hold constant. The result that is obtained is 0.3967 which
is less proportional than the value obtained when the Sainte-Lagué
formula is applied.

In total, 29 cases in Table 6.7 do not include data for the dis-
tribution of seats among all districts. A proxy function has been
applied in these cases, as explained in Chapter 4. This proxy func-
tion has the following form,

_ g _1
g oo 1te (6.23)
r M —1+ Pc

where M and S refer, respectively, to average district magnitude
and average seats won as defined above.

M — ~
When St = - and taking into account the M and S defini-

tions, expression 6.23 takes the following form,
‘7@ _ M +2D(c—1)
ST 2(M + D(Pc— 1))

Remember that the use of this proxy function has some implica-
tions that run against the theorems establishing the combination of

(6.24)
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seats that produces min Vg . The proxy function applied to both
quota and divisor-based electoral systems assume that seats are dis-
tributed uniformly in all districts and not in the way the theorems
establish. Nonetheless, as explained in Chapter 4, when informa-
tion about My is missing this proxy function should be used to
calculate aggregated threshold values.

As the data in this chapter shows, list-proportional representa-
tion electoral systems were used in a large proportion of the elec-
tions held between 1945-2000. In this chapter I have first described
the functioning of both quota- and divisor-based electoral systems.
Secondly, proportional representation electoral systems were clas-
sified in accordance with the values of the minimum threshold to
win the majority of seats in the parliament and to win just 1 seat
in that chamber. This reveals the wide range of values that can
be found under these electoral systems. Given these variations,
interesting questions arise that should be the subject for further
research. I have pointed out, for example, that it would be worth
studying why different electoral formulae are chosen in different re-
gions of the world. There are a few seminal works that in some way
refer to this question (Rokkan 1970; Rogowski 1987; Boix 1999;
Benoit 2004). However, the debate still seems to be open. Aggre-
gated threshold values could cast more light on the functioning of
these electoral systems and therefore could help answer such key
questions. The next chapter covers multi-tier and mixed electoral
systems.
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Chapter 7

Characterizing Multi-tier
and Mixed Electoral
Systems

This chapter constitutes an attempt to apply aggregated threshold
functions to the complex world of multi—tier and mixed electoral
systems. Since these types of electoral systems are becoming pro-
gressively more common, to ignore them would mean not taking an
increasingly important, if still small, set of electoral systems. The
application of aggregated threshold functions to these electoral sys-
tems must be considered tentative because a different procedure and
different assumptions are needed in order to apply the functions in
question.

The rest of the chapter will proceed as follows. First I will dis-
cuss the nature and typology of multi-tier systems. As I will show,
there are two main types of multi-tier electoral systems: those in
which tiers are linked and those in which they are not. In this
section, I will explain to which of these types aggregated threshold
functions can be applied. After this discussion, data for multi-tier
electoral systems will be presented. I will next consider mixed elec-
toral systems. Given the obstacles to agreement about the typology

177
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of these electoral systems, I will present the two different, though
complementary, characterizations of mixed systems found in the
literature. As for multi-tier electoral systems, I will explain which
types of electoral systems can be subjected to the application of
aggregated threshold functions. Finally, data about mixed member
systems will be shown.

7.1 Multi-tier electoral systems.

Multi-tier electoral systems are defined as those in which the seats
to be elected are distributed in two or more tiers and the electoral
formula employed is the same in all tiers (Golder 2005). The elec-
toral formula used to allocate seats in those tiers may be either pro-
portional or majoritarian. Usually, but not always, these electoral
systems have a tier where a fixed number of seats are distributed
in multi-member districts- the lower tier (L)- and a higher tier (H)
where the remaining seats are distributed in a single district. There
are, however, particular cases, such as that of Papua New Guinea,
where seats in both tiers are distributed in single-member districts.

Multi-tier electoral systems can be classified depending on whether
the tiers are connected or unconnected (Shugart and Wattenberg
2001; Golder 2005). Tiers are connected if the unused votes in one
tier are used in another, or when the allocation of seats in one tier is
conditional on the seats allocated in another tier. On the contrary,
if tiers are unconnected, then seats are allocated in both tiers inde-
pendently using the share of the vote won by each party (Shvetsova
1999:405).

The number of ballots used in the election is also important.
Voters can have either one ballot or as many ballots as tiers ex-
ist. In unconnected multi-tier electoral systems, different ballots
are normally used for each tier. However, in order to properly ap-
ply aggregated threshold functions unconnected multi-tier electoral
systems will be treated as if voters had a single ballot. This restric-
tion is based on the assumption that voters are not sophisticated
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and that they have firm political preferences. In other words, it is
assumed that voters always vote for the same party or pre-electoral
coalition in both ballots.

Aggregated threshold functions can only be applied to uncon-
nected multi-tier electoral systems. The reasons for this should be
familiar by now. When tiers are connected, the estimation of the
total number of seats that a party wins depends on actual electoral
results and how they produce a concrete allocation of seats among
all parties. The distribution of seats in the higher tier depends on
the allocation of seats in the lower tier. A prior distribution of seats
in the lower tier is, therefore, needed for each political party. Aggre-
gated threshold functions cannot be applied in these cases because
the prior allocation of seats for each party cannot be anticipated.
It is for this reason that aggregated threshold functions can only be
applied to unconnected multi-tier electoral systems.

If tiers are unconnected and if it is assumed that there is only
a single ballot, then, a total number of seats for each party can be
calculated. This total number of seats is a combination of seats
in every tier and must also produce min Vg The problem here,
therefore, is not applying threshold functions to a given number of
seats but rather finding out the combination of seats in every tier
that produces min Vg . The procedure to find out this number of
total seats is explained in the next section.

7.1.1 Data.

In total, 24 democratic elections in 6 different countries have used
some kind of unconnected multi-tier electoral system between 1945
and 2000. The regions of the world where this type of electoral sys-
tems are most common are Latin America - Ecuador, El Salvador
and Guatemala- and Eastern Europe- Poland and Croatia. Insti-
tutional stability is a feature of these electoral systems. With the
exception of Guatemala, the rest of the countries have systemati-
cally used the same electoral system for their democratic processes.
Guatemala used three different multi-tier electoral systems between
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1990 and 1999.

Before explaining how to calculate the combination of seats in
each tier that produces St, I introduce, as previously, data about
the minimum share of the vote necessary to win 1 seat in the par-
liament. This data is shown in Table 7.1

Table 7.1: Aggregated threshold values for Vg when St =1

for unconnected multi-tier electoral systems.

Country Year D Tier M P Formula Vg,

Ecuadorl 1979 L:20 L:57 69 6.4 L:Hare 0.0130
H:1 H:12 H:Hare

Ecuadorl 1984 L:20 L:59 71 10.32 L:Hare 0.0080
H:1 H:12 H:Hare

Ecuadorl 1986 L:20 L:59 71 11.95 L:Hare 0.0069
H:1 H:12 H:Hare

Ecuadorl 1988 L:20 L:59 71 8.14 L:Hare 0.0102
H:1 H:12 H:Hare

Ecuadorl 1990 L:20 L:59 71 7.9 L:Hare 0.0105
H:1 H:12 H:Hare

Ecuadorl 1992 L:20 L:59 71 7.79 L:Hare 0.0106
H:1 H:12 H:Hare

Ecuadorl 1994 L1:20 L1:59 71  7.48 L:Hare 0.0111
H:1 H:12 H:Hare

Ecuadorl 1996 L:20 L:59 71 6.43 L:Hare 0.0129
H:1 H:12 H:Hare

El Salvador2 1991 L:14 L1:64 84 3.34 L:Hare 0.0149
H:1 H:20 H:Hare

El Salvador2 1994 L:14 L1:64 84 3.48 L:Hare 0.0143
H:1  H:20 H:Hare

El Salvador2 1997 L:14 L:64 84 3.95 L:Hare 0.0126
H:1 H:20 H:Hare

El Salvador2 2000 L:14 L:64 84  3.68 L:Hare 0.0135
H:1 H:20 H:Hare
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Table 7.1: Aggregated Threshold values for V" when Sp =
1 for unconnected multi-tier electoral systems (cont.).

Country Year D Tier M P Formula V<,
T

Guatemala3d 1990 L:23 L1:89 116 7.01 L:d’Hondt 0.0302

H:1 H:27 H:d "Hondt

Guatemalad 1994 L1:23 L:64 R0 5.67 L:d"Hondt 0.0483

H:1 H:16 H:d "Hondt

Guatemalad 1995 L1:23 L:64 R0 5.9 L:d"Hondt 0.0478

H:1 H:16 H:d "Hondt

Guatemalab 1999 L1:23 L:91 113 3.76 L:d’Hondt 0.0438

H:1 H:22 H:d "Hondt

Poland2 1993 L:52 L:391 460 9.8  L:d"Hondt 0.0128

H:1 H:69 H:d "Hondt

Poland2 1997  L:52 L:391 460 4.59 L:d’Hondt 0.0137

H:1 H:69 H:d "Hondt

It should be noted that given the particularity of these elec-
toral systems, calculations to find out aggregated threshold values
when ST = 1 must take into account the existing tiers. Hence the
value that should be taken into consideration will be the lowest
value calculated separately in each tier. As Table 7.1 shows, in the
lower tiers seats are distributed in multimember districts. Aggre-
gated threshold functions are applied here in accordance with the
theorems given in Chapter 3. Higher-tier seats are distributed in a
single district, so aggregated threshold functions are applied. The
following example will shed some light on how aggregated threshold
values are calculated when S = 1.

Take for example the general election held in El Salvador in
1991. An unconnected multi-tier electoral system was used in which
64 seats where distributed in 14 districts in the lower tier, and 20
seats in a single district for the higher tier. In total, 84 deputies were
elected to parliament. In the lower tier, the smallest district had
3 seats and therefore aggregated threshold functions were applied
here by calculating Vg when Sp = 1. This produced a value of
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0.0047, that is to say, a share of the vote of 0.47%. In the higher
tier, this value was 1.49%. The minimum value that the electoral
system establishes to win 1 seat is therefore 0.47%, the aggregated
threshold value calculated in the smallest district of the lower tier.

The procedure to find out the aggregated threshold value for

Ve when Sp = —- is also different and requires some explana-

tion. First, I introduce the data. Aggregated threshold values for

M
unconnected multi-tier electoral systems when St = 5> are shown

in Table 7.2.

Table 7.2: Aggregated Threshold values for Ve when Sp =
% for unconnected multi-tier electoral systems.

Country Year D Tier M P Formula Vgec M

=M

Ecuadorl 1979 L:20 L:57 69 6.4 L:Hare 0.265§
H:1 H:12 H:Hare

Ecuadorl 1984 I1:20 L:59 71 10.32 L:Hare 0.2531
H:1 H:12 H:Hare

Ecuadorl 1986 L:20 L:59 71 11.95 L:Hare 0.2487
H:1 H:12 H:Hare

Ecuadorl 1988 L:20 L:59 71 8.14 L:Hare 0.2619
H:1 H:12 H:Hare

Ecuadorl 1990 L:20 L:59 71 7.9 L:Hare 0.2632
H:1 H:12 H:Hare

Ecuadorl 1992 L:20 L:9 71 7.79 L:Hare 0.2638
H:1 H:12 H:Hare

Ecuadorl 1994 L:20 L:59 71  7.48 L:Hare 0.2656
H:1 H:12 H:Hare

Ecuadorl 1996 L:20 L:59 71  6.43 L:Hare 0.273
H:1 H:12 H:Hare
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Table 7.2: Aggregated Threshold values for V' when Sp =
% for unconnected multi-tier electoral systems (cont.)

Country Year D Tier M P Formula V©"* ,,
S

4

El Salvador2 1991 L:14 L:64 84 3.34 L:Hare 0.3773
H:1 H:20 H:Hare

El Salvador2 1994 L:14 L:64 84  3.48 L:Hare 0.3753
H:1 H:20 H:Hare

El Salvador2 1997 L:14 L:64 84  3.95 L:Hare 0.3678
H:1 H:20 H:Hare

El Salvador2 2000 L:14 1:64 84  3.68 L:Hare 0.3719
H:1 H:20 H:Hare

Guatemalad 1990 L[:23 L:89 116 7.01 L:d"Hondt 0.201
H:1 H:27 H:d "Hondt

Guatemalad 1994 L:23 L:64 80 5.67 L:d"Hondt 0.1975
H:1 H:16 H:d "Hondt

Guatemalad 1995 L:23 L:64 80 5.9 L:d"Hondt 0.1916
H:1 H:16 H:d "Hondt

Guatemalad 1999 L:23 L:91 113 3.76 L:d"Hondt 0.2888
H:1 H:22 H:d "Hondt

Poland2 1993 L:52 L1:391 460 9.8 L:d’Hondt 0.2151
H:1 H:69 H:d "Hondt

Poland2 1997 L:52 L:391 460 4.59 L:d’Hondt 0.3241
H:1 H:69 H:d "Hondt

Data in Table 7.2 is estimated using a different algorithm. The
procedure used to calculate aggregated values also considers both
tiers. The algorithm comprises the following steps.

e For the lower tier, a number of seats is calculated according
to the theorems in Chapter 3. This number of seats produces
an aggregated threshold value. Or in other words, there is an
aggregated threshold value for this number of seats.

e This aggregated threshold value is applied to the higher tier
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to find out the number of seats that can be won.

e The number of seats in both the lower and the higher tiers
must add up to half of the seats in the parliament.

Consider the following example to see how aggregated threshold

values are calculated when S = > Take the general election in

Poland in 1993. In this election 460 seats were up for election using
an unconnected multi-tier system. For this purpose, 391 seats were
elected in 52 multimember districts using the d’Hondt electoral for-
mula. The size of the districts ranged from 3 to 17. The remaining
69 seats were elected in a single district also applying the d’Hondt
electoral formula. The number of parties competing in this election
was 9.8. The combination of seats in both tiers that produced the
minimum number of votes to win the majority of the seats in the
parliament was 213 in the lower tier and 17 in the higher tier. The
aggregated threshold value in the lower tier that produced 213 seats
was 0.2190. Applying this value to the higher tier, a total number
of 17 seats was obtained producing a total of 230 seats when the
latter were combined with the lower tier seats. This algorithm con-
stitutes a mechanical way of discovering the number of seats and
its related threshold value taking into account both the lower and
the higher tier.

As Table 7.2 shows, the values below which it is not possible
to win a majority of the seats in the parliament range between the
values found in winner-takes-all electoral systems and those in PR-
electoral systems. The lowest aggregated value is found in the elec-
toral system used during the 1995 general election in Guatemala.
The electoral system used in this election was designed to select
deputies for 80 seats in two tiers. In the lower tier 64 deputies were
elected in 23 multimember districts using the d’Hondt electoral for-
mula. The size of the districts ranged from 1 to 9. The remaining
16 seats were also elected using the d’Hondt electoral formula in
a single district. The number of parties competing in this election
was 5.9. The minimum value that this electoral system produced
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to win the majority of the seats in the parliament was 0.1416 or
14.16% of the vote. This value is quite close to those found in
winner-takes-all electoral systems.

The highest aggregated value, though, reveals something rather
different. This value is produced by the electoral system used during
the 1991 general election in El Salvador. In this case too, two
tiers were used to elect the 84 members of parliament. In the first
tier 64 seats were elected in 14 multimember districts using the
Hare quota. District magnitudes ranged from 3 to 16 seats. The
remaining 20 seats were elected in a single district also using the
Hare quota. Given that the electoral formula used in both tiers was
quite proportional, the minimum value that this electoral system
produced to permit a party to win a majority of seats in parliament
was 0.4108. In clear contrast with the value found in the 1995
general election in Guatemala, the value obtained here is closer
to those obtained in PR as opposed to winner-takes-all electoral
systems.

No aggregated threshold data is provided in the case of 6 elec-
tions using unconnected multi-tier electoral systems. These elec-
tions took place in two different countries: Croatia and Papua New
Guinea. The 2000 election in Croatia used an unconnected multi-
tier electoral system. The electoral system had not 2 but 3 tiers of
seat allocation and complex mechanisms aimed at accommodating
all the country’s different ethnic groups. The complexity of this
electoral system also has a direct effect on the mechanical applica-
tion of aggregated threshold functions.

The second country for which aggregated threshold data is not
provided is Papua New Guinea. Many scholars consider that Papua
New Guinea is a country that has had a pure winner-takes-all
(FPTP) electoral system since it won independence from Australia
in 1975 (Reinolds and Reilly 1997: 40). However, this opinion is not
shared by others who consider the electoral system used there to be
multi-tier (Golder 2005). The reason is that there are two types of
legislative members. There are those members elected using a plu-
rality electoral formula in 89 single member districts- these are at
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the local level. There are also 20 members elected using a plurality
electoral formula in 20 single member districts at provincial level.
Hence voters have two ballots, one at local level and another at
the provincial level (Nohlen, Grotz & Hartman 2001, Golder 2005).
This complex system for distributing districts is the main reason
why the mechanical application of aggregated threshold functions
has not been possible.

Until now, attention has been paid to electoral systems with
more than one tiers that use the same electoral formula. In the
next section, attention will be paid to a different type of electoral
system that also has two or more tiers of seat allocation: mixed
electoral systems.

7.2 Mixed electoral systems.

Mixed electoral systems are a rare phenomenon with no unanimous
consensus understanding of their typology and definition. Positions
in the literature varies from those who simply do not consider this
concept (Rae 1967; Mackenzie 1958; Bogdanor 1983; Rose 1983) to
others such as Reynolds and Reilly (1997), Massicotte and Blais
(1999) or Shugart and Wattenberg (2001) who offer very detailed
accounts of this type of electoral system. The lack of consensus even
extends to the labels applied to these electoral systems. Whereas
Shugart and Wattenberg call them mixed-member electoral sys-
tems, others call them hybrid electoral systems (Shvetsova 1999) or
simply mixed electoral systems (Massicotte and Blais 1999). I will
follow this simple terminology, referring to these electoral systems
as mixed electoral systems.

In their work on mixed-member electoral systems Shugart and
Wattemberg treat these electoral systems as a subset of multi-tier
electoral systems as defined in the previous section. In their view,
the particularity of mixed-member electoral systems is that seats
are allocated in one tier nominally and using a party list in the
other tier. In other words, in one tier voters choose the name of
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their preferred candidates and seats are allocated to individual can-
didates; in the other tier, candidates are elected from a list that is
submitted by a party or pre-electoral coalition. In accordance with
this definition, the nominal tier is usually made up of single-member
districts -winner-takes-all- that use either a plurality or a majority
electoral formula to allocate seats. The list tier, on the contrary,
comprises plurinominal districts and uses a PR electoral formula
that can be either divisor-based, such as d’Hondt, or a quota-based
one, such as Hare (Shugart and Wattenberg 2001:10-13).

Rejecting this view, Massicotte and Blais opt for a very sim-
ple definition based on the mechanics of the electoral system. An
electoral system is considered to be mixed if two different electoral
formulae are applied when allocating seats to a single body. This
definition is complemented by a threshold: for an electoral system
to be classified as mixed the number of deputies elected under a for-
mula other than the one used for the other deputies must account
for at least 5% of the total. As they argue, in accordance with
this definition the electoral systems used in Finland or Switzerland
are not considered to be mixed, despite the fact that two different
electoral formulae are used in both cases. In Finland and Switzer-
land, the vast majority of seats are allocated using a PR electoral
formula, and only a very few using a majoritarian electoral formula
(Massicotte and Blais 1999:345).

The definition based on the mechanics of the electoral system
proposed by Massicotte and Blais contrasts with the approach taken
by others authors such as Reynolds and Reilly (1999) or Shugart
and Wattenberg (2001) who base their definitions and classifications
on the outcomes of these electoral systems. So, Shugart and Wat-
tenberg distinguish between what they call mixed-member majori-
tarian (MMM) and mixed-member proportional (MMP) systems.
These two different subtypes are defined by whether or not the tiers
are connected or unconnected. If tiers are not connected, therefore,
the majoritarian boost received by a large party is not corrected
by the proportional tier. Therefore, the outcome produced by this
subtype of mixed-member electoral system is clearly majoritarian.
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If, tiers are connected, then the distortions produced between large
and small parties in the nominal tier is corrected by the proportional
tier, thereby producing a more proportional outcome (Shugart and
Wattenberg 2001:13).

This approach is rejected by Massicotte and Blais, who argue
that since it has not been confirmed empirically, it is wrong to
assume that plurality-majority formulae invariably produce dispro-
portionate results or that PR formulae always produce more pro-
portional results. As they point out, the distortion effect on large
parties produced by plurality-majority electoral formulae may be re-
duced by using mechanisms such as malapportionment (Massicotte
1995; Lijphart 1994) or by concentrating the majority of the votes
of a large party in a few districts (Grofman et al. 1997). While
agreeing with these propositions, in this research the mechanical
approach will also be adopted given that my primary objective is
not to discover if a given type of electoral system is more or less
proportional, but rather to uncover its mechanics.

Once the mechanical approach proposed by Massicotte and Blais
is accepted, mixed electoral systems can be divided between de-
pendent and independent mixed electoral systems. The distinction
depends exclusively on whether the two formulae are used indepen-
dently or, on the contrary, whether the application of one formula
depends on the outcome produced by the other. When the electoral
formulae are used independently of each other, then, there are three
types of independent mixed electoral systems: coexistence, super-
position and fusion (Massicotte and Blais 1999:347-352). Under
coexistence mixed systems, elections in one part of the territory are
governed by a plurality-majority formula while a PR formula applies
in the rest of the territory; this is the system used for the French
Senate. Here, in those districts- departments- with fewer than 4
seats, senators are elected using the Two-Round System (TRS).
However, in those districts with 5 or more seats, the d’Hondt elec-
toral formula is used. In this system, therefore, electors vote differ-
ently depending on the size of the district.

In superposition mixed electoral systems the two electoral for-
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mula are applied in two different sets of districts. There are a fixed
number of districts where the plurality-majority electoral formula
is applied, while the PR electoral formula is used in another fixed
number of seats. These electoral systems usually have a fixed num-
ber of single-member districts where a plurality-majority electoral
formula is applied, as well as a single district from which the rest of
the seats are allocated using a list PR electoral formula. So, voters
have two different types of representatives: those elected directly
in single member districts and those elected in a multimember dis-
trict using a proportional representation electoral formula. Note
that both electoral formulae are applied independently, and PR
seats in particular are allocated without any consideration of the
results in single member districts. Examples of countries using a su-
perposition mixed electoral system are Ecuador between 1998-2000
or Lithuania between 1992-2000 (Golder 2005).

A variation of the superposition mixed electoral system occurs
when the two formulae are combined within one district. This vari-
ation is known as the fusion mixed electoral system and is only
rarely used. It has been used in the French municipal elections
(Massicotte and Blais 1999) as well as in Sri Lanka between 1989
and 2000 (Golder 2005).

When the electoral formulae are used dependently then mixed
electoral systems can be conditional or unconditional. Under condi-
tional mixed electoral systems the second electoral formula is only
used if the outcome produced by the first electoral formulae does
not meet certain conditions. This type of electoral system is not
used nowadays and the only examples that can be given to illustrate
the application of these systems are the elections held in Italy in
1923 or Romania in 1926. In unconditional mixed electoral systems
the two formulae always apply but the way they are combined is de-
pendent because the application of one formula will depend on the
outcome produced by the other. The best examples are those cases
in which the application of proportional representation electoral for-
mulae corrects the distortions produced by the plurality-majority
formula. This is the system used, for example, in Germany (Mas-
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sicotte and Blais 1999:353-357).

The following example illustrates how dependent and indepen-
dent mixed electoral systems work. Imagine a parliament with 200
members who are elected using a mixed electoral system with 2
tiers, each of which allocates 100 seats. In the lower tier, deputies
are elected by single-member districts, while the remaining 100
seats in the higher tier are distributed in a single district using
a perfect PR electoral formula. There are four parties that win a
share of the total vote (VP(%)). Finally, assume the share of the
vote that each party wins in the lower results in a known distribu-
tion of seats in that tier, L(s), where party A wins 57 seats, party
B, 40, party C, 2 and finally, party D wins 1 seat. Table 7.3 shows
this information.

Table 7.3: Examples of mixed electoral systems

Parties
A B C D
VP (%) 47 36 11 6
L(s) 57 40 2 1
Superposition
H(s) 47 36 11 6
Sr(=L(s)+ H(s)) | 104 76 13 7
Correction
St 94 72 22 12
H'(s)(=Sh—1L(s)) | 37 32 20 11

Let us suppose first that an independent mixed electoral systems
is used; concretely, it is a superposition mixed electoral system.
Since the two electoral formulae are applied independently, the total
number of seats that each party wins, S, is simply the sum of the
seats won in the lower tier and in the higher tier. For simplicity’s
sake, in the higher tier seats are won in accordance with perfect
proportionality. In other words, if party A wins 47% of the vote, it
also wins 47 seats, and so on for every party.
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Let us suppose now that a correction mixed electoral systems
is used. Since the electoral formula are dependent in this case, we
would first calculate the total number of seats that each party would
have won under perfect proportionality according to its share of the
vote, S7., and assuming that all 200 seats are distributed in a single
district. Once this number of seats is known, the number of seats
for the higher tier is calculated by subtracting the number of seats
that each party was entitled to minus the number of seats won in
the lower tier. This is the correction mechanism.

As for multi-tier electoral systems, aggregated threshold func-
tions cannot be applied to all types of mixed electoral systems.
Again and for the same reasons and assumptions' as in the case
of multi-tier electoral systems, only those mixed electoral systems
that apply the electoral formulae independently are subjected to the
application of aggregated threshold functions. Independent mixed
electoral systems allow the calculation of seats in both tiers without
assuming any given distribution of votes among all parties. In the
next section, I will show how aggregated threshold functions are ap-
plied to mixed electoral systems as well as the resulting aggregated
threshold values.

7.2.1 Data.

Independent mixed electoral systems were used in 23 countries be-
tween 1945 and 2000. In total, 45 different elections were held in
these countries during this period, and 27 different electoral sys-
tems were used for them. Most of the independent mixed electoral
systems are found in the new democracies that emerged after 1989
in Central and Eastern Europe. This type of electoral systems
was also adopted in some Asian countries during the late nineties.
Figure 7.1 shows the global distribution of elections that used an

'In this sense, it is important to recall that there is a single ballot for both
tiers and not a different ballot for each tier. Or, to put this a little differently,
it is assumed that in cases with different ballots for each tier, voters always opt
for the same political preference in both cases.
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independent mixed electoral system between 1945 and 2000.

Figure 7.1: Independent mixed electoral systems used between
1945-2000
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Again, I begin the description of the data by considering the
minimum conditions to win a minimal political presence in parlia-
ment. Aggregated threshold values for independent mixed electoral
systems when ST = 1 are shown in Table 7.4
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Table 7.4: Aggregated Threshold values for V* when Sp =
1 for independent mixed electoral systems.

Country Year D Tier M P Formula Soq

Albanial 1996 L:115 L:115 140 2.73 L:Abs.Major. 0.0031
H:1 H:25 H:Hare

Albanial 1997 L:115 L:115 155 2.87 L:Abs.Major. 0.0030
H:1 H:40 H:Hare

Armenial 1995 L:150 L:150 190 4.18 L:Majority  0.0015
H:1 H:40 H:Hare

Armenia2 1999 L:75  L:75 131 4.77 L:Majority  0.0027
H:1 H:56 H:Hare

Ecuador2 1998  L:21 L:105 125 6.18 L:Plurality 0.007
H:1 H:20 H:Hare

Japanl 1996 L:300 L:300 500 3.89 L:Plurality ~ 0.0008

H:11  H:200 H:d "Hondt
Japanl 1998 L1:300 L:300 500 3.76 L:Plurality  0.0008
H:11  H:200 H:d "Hondt

South Korea2 1988 1.:224 1.:224 299 4.23 L:Plurality  0.0010
H:1 H:75 H:Hare

South Koread 1992 L:237 L:237 299 3.6 L:Plurality ~ 0.0011
H:1 H:62 H:Hare

South Koread 1996 L1:253 L:253 299 4.24 L:Plurality  0.0009
H:1 H:46 H:Hare

South Koreab 2000 L:227 L:227 273 3.32 L:Plurality  0.0013
H:1 H:46 H:Hare

Kyrgyzstanl 2000 L:45 L:45 60 6.6  L:Abs.Major. 0.0033
H:1 H:15 H:Hare

Lithuanial 1992  L:71  L:71 141 4.58 L:Abs.Major. 0.0030
H:1 H:70 H:Hare

Lithuanial 1996 L:71 L:71 141 7.68 L:Abs.Major. 0.0018
H:1 H:70 H:Hare
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Table 7.4: Aggregated Threshold values for Vg when Sp =
1 for independent mixed electoral systems (cont.).

Country Year D Tier M P Formula Vi,
Lithuanial 2000 L:71  L:71 141  7.65 L:Abs.Major. 0.0018
H:1 H:70 H:Hare
Macedonia2 1998 L1:85 L1:85 120 5.01 L:Abs.Major. 0.0023
H:1 H:35 H:d "Hondt
Poland1 1991 L:37 L:391 460 13.86 L:Hare 0.0066
H:1 H:69 H:SL
Russial 1993 L:225 L:225 450 3.53 L:Plurality  0.0012
H:1  H:225 H:Hare
Russial 1995 L:225 L:225 450 7.0 L:Plurality  0.0006
H:1  H:225 H:Hare
Russial 1999 L[:225 L:225 450 4.3 L:Plurality ~ 0.0010
H:1  H:225 H:Hare
Ukraine2 1998 L[:225 L:225 450 3.94 L:Plurality  0.0011
H:1  H:225 H:Hare

Let me first make a preliminary observation about the data.
Table 7.4 only shows superposition electoral systems. The reasons
why fusion electoral systems of the type used in Turkey between
1987 and 1994, or coexistence electoral systems like the one used in
Panama between 1989 and 2000 are excluded is basically the inex-
istence of all the data needed to apply aggregated threshold func-
tions. The rarity of these electoral systems has also made applying
these functions problematic. Coexistence electoral systems, as ex-
plained above, are characterized by applying one electoral formula
to a certain number of districts and a different electoral formula to
another set of districts. In reality, these electoral systems have a
single tier of seat allocation, to which two different electoral formu-
lae are applied depending on district size. This particularity makes
it difficult to apply a reasoning based on the theorems to minimize
the aggregated threshold values as introduced in Chapter 3.

In superposition electoral systems aggregated threshold values
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for S = 1 are calculated following the same procedure used for
unconnected muti-tier electoral systems. As already explained, su-
perposition electoral systems usually, but not always, have a tier
of uninominal districts- winner-takes-all- and a second tier of seats
distributed in a single district. The aggregated threshold values for
these electoral systems when Sp = 1 is the smallest value in both
tiers that is necessary to win 1 seat. Normally, this value is obtained
when aggregated threshold functions are applied to single member
districts. It is for this reason that the values shown in Table 7.4 are
similar to those found for winner-takes-all electoral systems.

The range of aggregated threshold values varies from 0.0006 -
1995 Russian election- to 0.0033 -2000 Kyrgyzstan election. By
looking at these two cases it appears that the larger the parliament
and the number of seats in the lower tier, the smaller the aggre-
gated threshold value. One question that deserves some attention is
whether the number of seats allocated in each tier has any influence
on the aggregated threshold value.

Aggregated threshold values for superposition mixed electoral
systems are quite similar to those obtained in winner-takes-all sys-
tems. Is this also true with respect to the majority of the seats in
the parliament? Aggregated threshold values for independent elec-

toral systems when S = — are given in Table 7.5. Again only

superposition electoral systems are included in this table.

Table 7.5: Aggregated Threshold values for V* when Sp =

% for independent mixed electoral systems.

Country Year D Tier M P Formula Vgec M

=M

Albanial 1996 L:115 L:115 140 2.73 L:Abs.Major. 0.20462
H:1 H:25 H:Hare

Albanial 1997  L:115 L:115 155 2.87 L:Abs.Major. 0.2076
H:1 H:40 H:Hare

Armenial 1995 L:150 L:150 190 4.18 L:Majority 0.1412

H:1 H:40 H:Hare
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Table 7.5: Aggregated Threshold values for Vg® when Sp =

% for independent mixed electoral systems (cont.).

Country Year D Tier M P Formula Vgec M

r="

Armenia2 1999  L:75 L:75 131 4.77 L:Majority 0.1563
H:1 H:56 H:Hare

Ecuador2 1998  L:21 L:105 125 6.18 L:Plurality 0.0823
H:1 H:20 H:Hare

Japanl 1996 L:300 L:300 500 3.89 L:Plurality 0.1820
H:11  H:200 H:d "Hondt

Japanl 1998 L:300 L:300 500 3.76 L:Plurality 0.1825
H:11  H:200 H:d "Hondt

South Korea2 1988 1.:224 1.:224 299 4.23 L:Plurality 0.1454
H:1 H:75 H:Hare

South Koread 1992 1.:237 L:237 299 3.6 L:Plurality 0.1625
H:1 H:62 H:Hare

South Koread 1996 L1:253 1.:253 299 4.24 L:Plurality 0.1329
H:1 H:46 H:Hare

South Korea5 2000 L:227 L:227 273 3.32 L:Plurality 0.1698
H:1 H:46 H:Hare

Kyrgyzstanl 2000 L:45  L:45 60 6.6 L:Abs.Major. 0.0934
H:1 H:15 H:Hare

Lithuanial 1992 L:71  L:71 141 4.58 L:Abs.Major. 0.1764
H:1 H:70 H:Hare

Lithuanial 1996 L:71  L:71 141 7.68 L:Abs.Major. 0.1131
H:1 H:70 H:Hare

Lithuanial 2000 L:71 L:71 141 7.65 L:Abs.Major. 0.1135
H:1 H:70 H:Hare

Macedonia2 1998  L:85 L:85 120 5.01 L:Abs.Major. 0.1277
H:1 H:35 H:d "Hondt

Poland1 1991  L:37 L:391 460 13.86 L:Hare 0.3933
H:1 H:69 H:SL
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Table 7.5: Aggregated Threshold values for V* when Sp =

% for independent mixed electoral systems (cont.).

Country Year D Tier M P Formula Vgec M

=7

Russial 1993 L:225 L:225 450 3.53 L:Plurality 0.2200
H:1 H:225 H:Hare

Russial 1995 L:225 L1:225 450 7.0 L:Plurality 0.1245
H:1 H:225 H:Hare

Russial 1999 L:225 L:225 450 4.3 L:Plurality 0.1880
H:1 H:225 H:Hare

Ukraine2 1998  1.:225 L:225 450 3.94 L:Plurality 0.2017
H:1 H:225 H:Hare

Aggregated threshold values for superposition electoral systems

when S = — are calculated on the basis of the reasoning and

procedure shown in Chapter 3. Briefly, the minimum value needed

to win ST = — seats is calculated on the basis of the minimum

share of votes that, when applied to both the lower and the higher
tier, produces that amount of seats. As shown, in Chapter 3

Ve = Vs, (7.1)

where S71 and S79 are the number of seats to be won in the lower
and the higher tier respectively. Taking into account also that

M
StT1+ S1o = 5 (7.2)

e

then the combination of seats that produces min VS’?TC for superpo-

M
sition electoral systems when S = — and a divisor-based electoral

formula is used in the higher tier is given by the following set of
equations,
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1
St9 = Sri(Mpa —1+Pe)+1—c¢
PMry
o (7.3)
St1+ St2 = 3

When a quota-based electoral formula is applied in the higher tier,
then the equations to use are,

STlp(MTQ + n) -+ PMTl(P -1 - n)
P2Mry

Sto =
(7.4)

M

St1+ St2 = -5
From these two set of equations the combination of seats in
both tiers that produces min Vg for superposition electoral sys-

M
tems when St = > can be calculated as illustrated in section 2.3.

By looking at Table 7.5 it seems that aggregated threshold val-
ues for superposition electoral systems are, again, very similar to
the values obtained in winner-takes-all electoral systems. This
point is also made by Shugart and Wattenberg (2001), who explain
how independent mixed electoral system contribute to the boost
received by major parties in the lower tier (Shugart and Watten-
berg 2001:13). The case of the electoral system used for the general
election in Kyrgyzstan in 2000 provides a good example of this.

In 2000 Kyrgyzstan held its second democratic elections after
the fall of the communist regime. The electoral system used for this
election was a superposition mixed electoral system with 2 tiers of
seats allocation. In the first tier 45 seats were elected in single-
member districts using a two-round system. In the second tier, 15
seats were distributed in a single districts and seats were allocated
through the Hare quota. In total, therefore, 60 seats were elected
for the parliament. The number of parties that competed in this
election was 6.6. The aggregated threshold value calculated to win
the majority of the seats in the parliament for this electoral system
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is 0.0934. In other words, parties had to obtain at least 9.34% of
the vote in order to win this number of seats.

The low value obtained under this electoral system and in all
other electoral systems seems to substantiate Shugart and Watten-
berg’s assertion that this type of electoral system produces rather
majoritarian electoral outcomes. This can be seen if the values in
Table 7.5 are contrasted with the values shown for winner-takes-all
electoral systems. However, note that there is a country that have
used a mixed electoral system whose value is closer to those found
under PR systems. The electoral system used in Poland in 1991
shows values closer to 40% of the vote. Curiously, this electoral
system does not have uninominal districts at the lower level but
rather use multimember districts. Concretely in the electoral sys-
tem used in the 1991 elections in Poland, 391 seats were elected in
37 multinominal districts. The average magnitude was about 10.5
seats and district magnitude ranged from 3 to 17. This probably
explains why the value obtained is higher than the values produced
in those electoral systems using single-member districts at the lower
level.

Aggregated values for multi-tier and mixed electoral systems
should be seen as tentative. While I have tried to apply aggre-
gated threshold functions as rigorously as possible, the complexity
of the mechanics of these electoral systems means the values should
be treated with caution. Ome point in favour of these values is
that they seem coherent with the literature. The relationship be-
tween superposition electoral system and majoritarian outcomes
as expected by Shugart and Wattenberg points in this direction.
However, multi-tier and mixed electoral systems deserve further at-
tention, and new methods or even new functions may be needed.
Regarding these fashionable electoral systems the field of research is
broad. How could aggregated threshold values be calculated when
two ballots are used? How could these values also be calculated
when tiers are connected or electoral formulae dependent? Future
research on these questions would be welcome and its results illu-
minating.
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Chapter 8

Conclusions

This thesis has pursued two main goals. First, to elaborate a mea-
sure capable of capturing the mechanical functioning of any elec-
toral system. Second, it has presented a characterization of most of
the electoral systems used between 1945 and 2000. The two goals
are connected since the former is the means used to characterize all
referred electoral systems.

The first part of the thesis focused on calculating aggregated
threshold functions. These functions show the necessary and suffi-
cient proportion of votes to win a given number of seats nationwide
under any complete electoral system. Furthermore, this disserta-
tion has shown how these functions are not only logically and for-
mally defined, but they also produce values that are consistent with
electoral results. Aggregated threshold functions, therefore, have a
strong capacity to calculate the necessary and sufficient proportions
of the vote to win any number of seats distributed in specific ways
among all districts in any complete electoral system. In the second
part of this study, electoral systems have been characterized on the
basis of the minimum share of the vote necessary to win a given
number of seats. This condition establishes the minimum threshold
that any party must achieve in a specific complete electoral system
in order to win a given number of seats that are particularly dis-

201
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tributed among all districts. If a party fails to reach this threshold
it will have no chance of winning that number of seats. Electoral
systems are characterized according to this minimum criterion and
around two values. First, the minimum proportion of votes required
to win just one seat nationwide. Second, the minimum proportion
of votes required to win half the seats in parliament, that is, an
absolute majority.

One of the main results of this thesis is precisely the method
used to obtain these minimum values. Given that seats are dis-
tributed in districts, the optimization method seeks to identify the
combination of seats that produces the lowest share of the vote to
win either one seat or half the seats in parliament. As for the op-
timization of the aggregated threshold functions for one seat, the
combination of seats where the minimum value is obtained depends
on the type of electoral formula that is used. With respect to quota-
based electoral formulae, when the complete electoral system uses
the Hare quota (n = 0), the single seat can be won in any district
since the value to win that seat is the same in all districts. How-
ever, when the Droop quota is used (n = 1), then that seat must be
won in the smallest district. Under divisor-based electoral systems,
however, only when the seat is won in the smallest district is the
aggregated threshold function minimized, no matter the value of c.

In order to optimize the aggregated threshold function for half
the seats in the parliament we must take into consideration not only
the different families of electoral formulae but also how seats are dis-
tributed among all districts. First I analyzed systems in which seats
are distributed unequally among all districts, that is to say, dis-
tricts magnitudes are different. For divisor-based electoral formula,
the combination of seats that produces the minimum proportion of
votes to win half of the seats in the parliament when the d’Hondt
electoral formula (¢ = 1) is used, is one in which seats are distrib-
uted in all small districts. Seats must be won from the smallest to
the biggest district until the total number of seats is reached. When
the divisor-based electoral formula used is Sainte-Lagué (¢ = 0.5),
the combination of seats that minimizes the aggregated threshold



Conclusions/ 203

functions is one in which all seats must be distributed among all dis-
tricts. Seats must be won in all small districts, however, at least one
seat must be won in all districts, no matter their size. This latter
distribution of seats also minimizes aggregated threshold functions
when the electoral formula used is based on a quota and, again,
district magnitudes are unequal.

Seats can, however, be distributed in districts of equal size.
When this is the case, and a divisor-based electoral formula is used,
the combination of seats that minimizes aggregated threshold func-
tions have the following particularities. When the electoral formula
used is d’Hondt, then no matter how seats are distributed all pos-
sible distributions of them produce the same result of winning half
of the seats in the parliament. In contrast, when the Sainte-Lagué
formula is used instead, all possible combinations of seats that lead
to winning the majority of the seats in the parliament produce the
same value, however there must be at least one seat in each district.
This is also the case when a quota-based electoral formula is used
to allocate seats.

Electoral systems can be characterized in function of these cri-
teria. In this sense, all electoral systems can be located on a contin-
uum showing the minimum proportion of votes required to win one
seat or a parliamentary majority. Along this continuum, complete
electoral systems can be positioned according to their proximity to
the ideal point of perfect proportionality. This way of characterizing
electoral systems enables us to identify which institutional setting
produces higher or lower aggregated values. Winner-takes-all com-
plete electoral systems mainly depend on the number of parties.
The larger the number of parties, the lower the minimum propor-
tion of votes required to win a majority of seats in parliament.
These electoral systems also produce values that are far removed
from the point of perfect proportionality. This thesis shows that in
winner-takes-all systems, when just two parties compete, the ma-
jority of seats in the parliament, in other words 50% of the seats,
can only be won by a party obtaining at least 25% of the vote.

List proportional representation electoral systems behave rather
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differently. Obviously, holding all other variables equal, more pro-
portional electoral formulae such as Sainte-Lagué or Hare produce
values closer to the point of perfect proportionality than more ma-
joritarian formulae such as d’Hondt or Droop. However, this thesis
shows how the proximity to perfect proportionality does not depend
exclusively on the type of electoral formula used. The importance
of assembly size, the number of parties, and the number of districts
and their sizes must also be taken into consideration. In this sense,
it should be noted that, holding the other variables constant, when
all districts are of the same size the aggregated threshold value for
half of the seats in parliament increases as the number of districts
decreases. This is also the case when districts size varies. In this
case, the minimum proportion of the vote required to win half the
seats in the parliament decreases as the number of unequal districts
increases, holding the rest of the variables constant'. To sum up
all these ideas, list proportional representation electoral systems
with a single district, larger assemblies and a small number of par-
ties produce the values closest to the point of perfect proportional-
ity. However, when the number of districts is large the aggregated
threshold values produced by those complete electoral systems are
much less close to the point of perfect proportionality.

Aggregated threshold values for multi-tier and mixed electoral
systems are tentative. This is so because of the particular institu-
tional design of these systems. Aggregated threshold functions are
applied to these electoral systems following mechanical algorithms
and taking into account the minimizing criteria when they can be
applied. The results obtained are, nonetheless, consistent with their
mechanical functioning. So, independent mixed-electoral systems
with one tier of uninominal districts and a second tier with a sin-
gle district produce values quite distant from the point of perfect
proportionality and closer to those produced by winner-takes-all
complete electoral systems. However, in the case of unconnected

! Appendix A offers a more formalized explanation of the relationship be-
tween the number of districts and V;;C_M.
-2
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multi-tier complete electoral systems with a first tier consisting of
multimember districts and a second tier made up of a single dis-
trict, the values produced are quite similar to those found for list
proportional representation electoral systems; this is also the case
when this same setting is adopted in mixed electoral systems.

As noted in the Introduction, the main goal of this disserta-
tion has been to create an instrument to characterize any electoral
system. Aggregated threshold functions should, therefore, be con-
sidered to be useful tools for this purpose. Given that the electoral
system is an important variable in many areas of political science
research, a measure of the type elaborated here should be of some
use to the discipline. Some of the questions posited here, along with
those referred to in the existing literature, constitute ideal scenarios
in which to test the values presented in this study.
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Appendix A

Optimizing the number of
Districts (D)

Politicians may want to be able to discover the conditions which
optimize each variable in aggregated threshold functions. An im-
portant variable is the number of districts (D). The question is,
holding all other variables constant, what is the effect of the num-
ber of districts on aggregated threshold functions? The following
theorems answer this question.

Theorem 7 Let D be districts of constant magnitude, the value of

Ve for St = —- decreases as D increases, holding the rest of the

variables equal.

Proof. The proof will proceed as follows. First, I will prove that
theorem 7 is true for any complete electoral system that uses a
d’Hondt electoral formula. Second, I will prove that this holds for
any complete electoral system that uses a Sainte-Lagué electoral
formula!.

!The same reasoning can be applied to quota-based electoral formulae. For
simplicity’s sake and in order to avoid lengthy proofs, I will only refer to divisor-
based electoral formulae.
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Let A\ be a positive integer such that

M =\D (A1)

In other, words, A represents the size of all districts in vector My.
The value of A ranges from 1 to M,

1< A<M (A.2)

Having defined the distribution of district magnitudes, be a
complete electoral systems with an assembly size, M, a number of
districts, D, a vector containing all district magnitudes, My where
M, = Mp, a number of competing parties, P, and a divisor-based
electoral formula such that ¢ = 1. Given this institutional setting,

let D = 1; the minimum share of votes to win Sjl? =5 ggc in
T
this case is

Sg —1+c¢
P T M =1+ P (4.3)
: n_ M _. . .
Since S7 = - this expression can be simplified as
M -2+ 2¢
r= A4
ST~ 2(M — 1+ Pc) (A-4)
Furthermore, since ¢ = 1, this expression can be simplified as
M
M= A5
Y~ 2(M —1+P) (A-5)

Now suppose another complete electoral system where D > 1, the
other variables remaining constant. From theorem 4 we know that
for any complete electoral system that uses a d’Hondt electoral for-
mula and where all districts are of equal magnitude, the minimum

M
share of the vote required to win S = - is the same for all

M
possible combination of seats that produce S; . Taking this into
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account, under this complete electoral system, V"5 can be calcu-
STA

D[XA [ A=1+c¢
nec

- |5 A
VST% 2[M<>\—1+Pc>} (4.6)

Using equation A.1 above, this expression can be simplified as

lated as follows,

A—1+c
"= A7
sx  2(A—1+Pc) (A7)
For theorem 7 to be true it must be the case that the value of ;50
T
when D =1 is higher than the value of V"{f when D > 1.
ST’\
M A—1+4+c
> A8
2(M =1+ Pc) — 2(A—1+ Pc) (A.8)
Reducing both terms we get
M A
> A.
M—-14P A=-1+P (A-9)
Solving for A, the following result is obtained,
M >\ (A.10)
Since M = AD, then expression A.10 is reduced to
D>1 (A.11)

which is always true by definition.

Let us now suppose that the electoral formula used in this set of
complete electoral systems is Sainte-Lagué, ¢ = 0.5. When D =1,
the value of V5 for SP = - in this complete electoral system is

T
given by the following expression,
M—-1

nec — -~ A.12
SE T OM —2+ P ( )
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As above, suppose now that D > 1, holding all other variables
constant. Also suppose that in accordance with theorem 4, the St
seats are won in equal numbers in each district. In other words,

M
the number of seats won in each district size A equals oD The

M

value V" when S = - for this complete electoral system is,
S, A
thereforef
M 1+
Alap T
"i=D|— A3
sh M| A—1+ Pc (A-13)

Since ¢ = 0.5 and since M = AD, this expression can be simplified
to

M—-D
- A14
D2X—2+P) ( )
For theorem 7 to be true the following must hold
VST;JSC > VS’%C (A.15)
Formally,
M—-1 M—-D
Al
M —2+P = D2r—2+P) (A.16)
Again, solving for D we obtain,
D>1 (A.17)

which is always true by definition. m

Theorem 8 Given a set of complete electoral systems where the

vector My is made of uneven district magnitudes, the value of Ve

M
for Sp = - in any of these complete electoral systems decreases
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as the number of districts, D, increases, holding the rest of the
variables constant.

Proof. As in the previous proof, I will start by focusing first on
a d’Hondt electoral formula (¢ = 1) and after that a proof will be
provided for a Sainte-Lagué electoral formula (¢ = 0.5). Let there
be two different complete electoral systems. The only difference
between them lies in the size of vector My. In the first complete
electoral system, the cardinality of vector MC? equals the number of
districts, D, | Mfl) |= D. However, in the second complete electoral
system the cardinality of vector MdDJFA is | MdDJFA |= D+ Mp —1,
where A > 1
Vector MC? is a 1l D vector with the following elements

MP=[M M, .. Mp] (A.18)

where M1 > My > ... > Mp
Vector M?JFA is a 1lz(D + Mp — 1) vector with the following
elements

MPYA=[ My My .. 1 1] (A.19)

Vectors M(? +4 and MdD differ in that the former contains as many
single-member districts as the size of Mp € MZ or as the size of
the next My member of MdD which is larger than 1.

In order for theorem 8 to be true, the minimum number of
votes to win half of the seats in the parliament in the first complete
electoral system, 5750, must be higher that the number of votes to
win half of the seats in the parliament under the second complete

electoral system, V5% 1. Formally,
T

S
Vip© = gf‘iA (A.20)

Since vectors MdD and M(? +4 only differ in how element Mp is

conceived, V;ﬁc and Vgﬁi A can be reduced to the consideration of
T T

the Mp element.
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MD MD —1+4+c 1
> Mp | —= A21
M (MD—1+PC>_ D<MP> (A.21)
considering the d’Hondt electoral formula, ¢ = 1.
Expression A.21 can be reduced to

M3, 1
D> My A.22
Mp—1+P = PP (A.22)

Solving this inequality, the following is obtained

Mp (MpP —Mp+1—P) >0 (A.23)

Two conclusions can be drawn at this point. The first is that if
inequality A.23 is true, then Mp > 0, which is always true since
any district must contain at least one seat to be distributed among
all competing parties. The second conclusion depends on solving
the following inequality

MpP—Mp+1—P >0 (A.24)

Solving for P we obtain

P>1 (A.25)

which is always true by definition. If this is true for any Mp element,
then by induction, theorem 8 must be true.

When the Sainte-Lagué electoral formula is used a similar rea-
soning can be developed to prove this theorem. According to theo-
rem 3, when this electoral formula is used, seats must be distributed
first among the smallest districts and then progressively among the
larger districts until all the St seats have been assigned. However,
all districts, no matter their size, must have at least one seat. Given
that vectors MC? and Mfl) +A are equal except in terms of how the
smallest element of MdD , i.e. Mp, is distributed, theorem 3 will
not apply since the seats in district Mp will always be assigned.
The proof of this theorem is exactly the same as for the d’Hondt
formula, but applying the value for Sainte-Lagué instead. Formally,
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Mp [ Mp—1+3 < 1)
> M A.26
M’Cmrd+§ =P\ MP (4.26)

which can be simplified to

Mp(2Mp —1) _ Mp

A2
2Mp -2+P — P (A.27)
Inequality A.27 can be reduced to
MpP —P>Mp-—1 (A.28)
and solving for P, the following is obtained
P>1 (A.29)

which is always true by definition. If this is true for any Mp, then by
induction, when the Sainte-Lagué electoral formula is used, theorem
8 is also true. m
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